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Nowadays, logic has covered more and more aspects of natural and social science,
from mathematics, physics and computer science to philosophy, cognitive science
and linguistics, and has found application in virtually all aspects of information
technology, from software engineering and hardware to programming and artificial
intelligence. Indeed, logic, artificial intelligence, cognitive science and theoretical
computing are influencing each other to the extent that a new interdisciplinary area
of logic and computation is emerging.

In recent years, Chinese scholars have made a great effort to promote logical
research and have achieved great success in the aspects of logic and computation,
mainly include classical and non-classical logic, algebraic logic, modal and temporal
logic, probabilistic logic, aggregation function and fuzzy implication, knowledge-
based systems and knowledge representation, automated reasoning and so on.

This special issue aims to provide an opportunity for Chinese researchers to
worldwide share their novel ideals, original research achievements, and practical
experiences in a broad range of logic and computation. Topics include, but are
certainly not limited to:
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—Non-classical logic and Non-monotonic logic
—Algebraic logic
—Temporal logic and Dynamic logic
—Probabilistic logic and Fuzzy logic
—Aggregation function and Fuzzy implication
—Logic programming and Logic-based approaches
—Approximation reasoning and Automated reasoning
—Soft Computing and Granular Computing
—Knowledge-based systems and Knowledge representation.

This special issues features five contributions from areas described above.

The first contribution “Algebraic study of substructural fuzzy epistemic logics”
by Yongwei Yang and Yijun Li, they generalize the notion of monadic residuated lat-
tices to that of pseudo monadic residuated lattices, which serve as algebraic models
of modal logic KD45(FLew and discuss the relationship between pseudo monadic
residuated lattices and other pseudo monadic algebraic structures, showing that it
is a natural generalization of pseudo monadic BL-algebras, Bi-modal Gödel algebras
and pseudo monadic algebras. They also provide a comprehensive characterization
of pseudo monadic residuated lattices by considering them as pairs of residuated
lattices (L, B), where B represents a special case of a relatively complete subalgebra
of L known as c-relatively complete.

The second contribution “Algebras of similarity monadic fuzzy predicate logic”
by Xuesong Fu, Xiaoyan Liu and Zhiqin Zhao, they introduce the notion of similarity
monadic MTL-algebras and give some representation of this algebras based on filters.
They also construct the logic of the variety of similarity monadic MTL-algebras and
prove the (chain) completeness of this logic.

The third contribution “Monadic operators on bounded L-algebras” by Lingling
Mao, Xiaolong Xin and Xiaoguang Li, they introduce the notion monadic bounded
L-algebras as L-algebras equipped with two monadic operators ∀ and ∃. They also
discuss the relation between monadic bounded L-algebras and monadic quantum B-
algebras and any other monadic algebras. These results are important to the further
algebraic study of related logic systems with monadic operators.

The forth contribution “Ideals on pseudo equality algebras” by Zhaoping Lu and
Xiaolong Xin, they introduce kinds of ideals on pseudo equality algebras, which are
possible algebraic semantics of higher fuzzy logic, and provide some characterizations
of them.

The fifth contribution “Some types of weak hyper filters in hyper BE-algebras”,
they introduce the notion of weak hyper filters in hyper BE-algebra and study in-
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cluding positive implicative weak hyper filters, implicative weak hyper filters and
obstinate weak hyper filters. The authors also discuss the relations between (pos-
itive) implicative weak hyper filters and weak hyper filters (obstinate weak hyper
filters and maximal weak hyper filters, positive implicative hyper filters) respectively.
They also give some equivalent characterizations of these weak hyper filters under
some certain conditions.

The editors are grateful to all the authors, and equally to the reviewers, for their
contribution. Special thanks go to Dov M. Gabbay and Jane Spurr for giving some
excellent suggestions for improving this special issue.
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Algebraic Study of Substructural Fuzzy
Epistemic Logics

Yongwei Yang
School of Mathematics and Statistics, Anyang Normal University, China
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Yijun Li∗
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China
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Abstract

This paper generalizes the notion of monadic residuated lattices to that of
pseudo monadic residuated lattices. As monadic residuated lattices serve as
algebraic models of modal logic S5(FLew), we propose pseudo monadic resid-
uated lattices as algebraic models of modal system KD45(FLew). The main
contributions of this paper are as follows: 1) we discuss the relationship be-
tween pseudo monadic residuated lattices and other pseudo monadic algebraic
structures, showing that it is a natural generalization of pseudo monadic BL-
algebras, Bi-modal Gödel algebras and pseudo monadic algebras; 2) We provide
a comprehensive characterization of pseudo monadic residuated lattices by con-
sidering them as pairs of residuated lattices (L, B), where B represents a special
case of a relatively complete subalgebra of L known as c-relatively complete.
Furthermore, we establish a necessary and sufficient condition for a subalgebra
to be c-relatively complete.

keyword: residuated lattice; epistemic logics, pseudo monadic residuated lat-
tices, relatively complete
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1 Introduction

Non-classical logic is more suitable for handling uncertain and fuzzy information
compared to classical logic. In the past several decade years, numerous fuzzy logical
algebras have been proposed as the semantic units for non-classical logic systems.
For example, MV-algebras were introduced in [1] by Chang as algebraic models of
the infinitely-valued logic of Łukasiewicz, while BL-algebras were introduced in [2]
by Hájek as algebraic semantics of basic fuzzy logic, a general framework in which
tautologies of continuous t-norm and their residua can be captured [3]. Inspired by
Hájek’s work, Esteva and Godo proposed a new formal deductive system monoidal
t-norm based logic in [4], and intended to cope with left-continuous t-norms and
their residua [5]. However, all the above mentioned algebras are the particular cases
of residuated lattices, which were introduced by Dilworth in [6] and stemmed from
attempts to generalize properties of the lattice of ideals of a ring, so residuated lat-
tices are very basic and important algebraic structures. The study of filter theory
is crucial in investigating the subdirect representation theorem of fuzzy logical alge-
bras and establishing the completeness of their corresponding logical systems. From
a logical perspective, various filters naturally interpret as sets of provable formulas.
Recent studies on residuated lattices have explored different types of filters [7].

Epistemic logics have been proposed to provide explicit insights into knowledge
and belief [8]. However, human practical reasoning demands more than what tra-
ditional classical epistemic logic can offer. Classically, the truth of a statement q
with respect to a state of knowledge K is determined if every model of K is also
model of q. But nothing can be said about its truth value if only the most possible
models of K are also models of q. The situation becomes even more complex when
we need to acknowledge that the statement q can have an intermediate truth value
different from true. The typical semantics for fuzzy epistemic logic is Kripke-style
semantics. To address this, Hájek proposed a fuzzy possibilistic semantics for a
system of epistemic logic. Unfortunately, finding an axiomatization of the underly-
ing possibilistic logic of BL based on this semantics is not straightforward because
both K and C axioms are not valid (i.e., distributivity of necessity over → and ∗,
respectively). To overcome this problem, Busaniche et al. approached it in a novel
way by proposing a possible algebraic semantics, which is obtained by extending
BL-algebras (the algebraic models of basic logic) with two operators that model
necessity and possibility.

So far, the only many-valued extensions of minimal logics axiomatized in the
literature are the ones corresponding either to a finite Heyting algebra ([9, 10]), or
to the standard (infinite) Gödel algebra [11] or to a finite residuated algebra [12]
(in particular finite Łukasiewicz linearly ordered algebras). In the present paper,
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Algebraic Study of Substructural Fuzzy Epistemic Logics

we aim to provide an algebraic study of a generalization of fuzzy epistemic logic,
namely substructural fuzzy epistemic logic.

The rest of the paper is structured as follows: in order to make the paper as
self-contained as possible, in Section 2, we provide a recapitulation of the funda-
mental concepts related to substructural fuzzy logics and their algebraic semantics,
which will be used in this paper. In Section 3, we introduce the notion of sub-
structural fuzzy epistemic logic KD45(FLew) and its algebraic semantics pseudo
monadic residuated lattices. In Section 4, we demonstrate that pseudo monadic
residuated lattices generalize three well studied classes of algebras, including pseudo
moandic BL-algebras, Bi-modal Gödel algebras and pseudo monadic algebras. Sec-
tion 5 presents some construction methods of pseudo monadic residuated lattices.
In Section 6, we conclude the paper with final considerations, discuss future work,
and highlight potential further applications.

2 Preliminaries
In this section, we will provide a summary of some results regarding the sub-

structural logic FLew, which refers to the full Lambek calculus with exchange and
weakening, as well as its algebraic semantics, namely, residuated lattices. These
concepts will be utilized in the context of this paper.

Definition 2.1. [2] FLew consists of the following axioms and rules:
(1) (α ⇒ β) ⇒ ((β ⇒ γ) ⇒ (α ⇒ γ)),
(2) (γ ⇒ α) ⇒ ((γ ⇒ β) ⇒ (γ ⇒ (α ⊓ β))),
(3) (α ⊓ β) ⇒ α and (α ⊓ β) ⇒ β,
(4) α ⇒ (α ⊔ β) and β ⇒ (α ⊔ β),
(5) (α ⇒ γ) ⇒ ((β ⇒ γ) ⇒ ((α ⊔ β) ⇒ γ)),
(6) (α&β) ⇒ (β&α),
(7) (α&β) ⇒ α,
(8) (α ⇒ (β ⇒ γ)) ⇒ ((α&β) ⇒ γ),
(9) ((α&β) ⇒ γ) ⇒ (α ⇒ (β ⇒ γ)),
(10) 0̄ ⇒ α and α ⇒ 1̄.
The only rule of FLew is modus ponens:

α, α ⇒ β

β
.

Other connectives in FLew can be defined as follows:

¬α = α ⇒ 0,
α ↔ β ≡ (α ⇒ β) ⊓ (β ⇒ α).
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Definition 2.2. [5] Considering the following axiomatic extensions of FLew:
-Intutitionistic logic IL is FLew plus the axiom

(IDE) α ⇒ (α&α).

-Monoidal t-norm based logic MTL is FLew plus the axiom

(PRE) (α ⇒ β) ⊔ (β ⇒ α).

-Basic fuzzy logic BL is MTL plus the axiom

(DIV) (α ⊓ β) ⇒ (α&(α ⇒ β)).

-Gödel logic G is BL plus the axiom (IDE).
-Classical logic B is FLew plus the axiom

(MID) ¬α ⊔ α.

All of the mentioned logics are algebraizable, meaning that they are strongly
complete with respect to their corresponding classes of algebras. Specifically, FLew
is complete with respect to the variety RL of residuated lattices, MTL is complete
with respect to the variety of MTL of MTL-algebras, which are equivalent to the
variety of pre-linear residuated lattices, IL is complete with respect to the variety
of HA of Heyting algebras, which are equivalent to idempotent residuated lattices,
and BL is complete with respect to the variety of BL of BL-algebras, which are
equivalent to divisibility MTL-algebras [4].

Definition 2.3. [6] A residuated lattice is an algebra (L, ∧, ∨, ∗, →, 0, 1) of type
(2, 2, 2, 2, 0, 0) such that (L, ∗, 1) is a commutative monoid, (L, ∧, ∨, 0, 1) is a bounded
lattice and the following residuation condition holds:

x ∗ y ≤ z if and only if x ≤ y → z,

where ≤ is the order given by the lattice structure.

3 Algebralization of substructural fuzzy epistemic log-
ics

Inspired by Hájek’s fuzzy epistemic logic KD45(BL) [15], we extend the lan-
guage of substructural fuzzy logics FLew by introducing two logical connectives □
and ♢. This extension is referred to as substructural fuzzy epistemic logic, denoted as
KD45(FLew). Moreover, we show that pseudo monadic residuated lattices serve as
algebraic models of KD45(FLew) and discuss some of their fundamental algebraic
properties.
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Algebraic Study of Substructural Fuzzy Epistemic Logics

Definition 3.1. KD45(FLew) consists of all axiom schemes of FLew and the fol-
lowing axioms and rules:

(KD1) □1,
(KD2) ¬♢0,
(KD3) □α ⇒ ♢α,
(KD4) □(α ⇒ □β) ≡ ♢α ⇒ □β,
(KD5) □(□α ⇒ β) ≡ □α ⇒ □β
(KD6) ♢α ⇒ □♢α,
(KD7) □(α ⊓ β) ≡ □α ⊓□β,
(KD8) ♢(α ⊔ β) ≡ ♢α ⊔ ♢β,
(KD9) ♢(α&♢β) ≡ ♢α&♢β,
(KD10) ♢(♢α ⇒ ♢β) ≡ ♢α ⇒ ♢β,
(KD11) ♢(♢α ⊓ ♢β) ≡ ♢α ⊓ ♢β.

Remark 3.2. It is worth noting that the usual semantics of fuzzy epistemic logic is
a Kripke-style semantics. This is why in Hájek’s famous book a fuzzy possibilistic
semantics for a system of fuzzy epistemic logic is proposed. Unfortunately, it is not
immediately evident how to derive an axiomatization of the underlying substructural
fuzzy epistemic logic from this semantics, since both the axioms

(K) □(α ⇒ β) ⇒ □α ⇒ □β,
(C) □α&□β ⇒ □(α&β),

are not valid. Therefore, we attack the problem in a novel way by introducing a
possible algebraic semantics. This is achieved by extending residuated lattices (which
is the most representative algebraic model of substructural fuzzy logic)) by two unary
operators that model necessity and possibility.

In order to demonstrate that KD45(FLew) is algebralize, we will utilize a general
result derived from Abstract Algebraic Logicand start by showing that the logic is
an implicative logic in the sense of Rasiowa. An implicative logic is a logic in which
a connective ⇒ exists in the logical language that satisfies the following conditions:

(R) ⊢ α ⇒ α,
(MP) α, α ⇒ β ⊢ β,
(T) α ⇒ β, β ⇒ γ ⊢ α ⇒ γ,
(Cong) α ⇒ β, β ⇒ α ⊢ c(γ1, · · · , γi, α, · · · , γn) ⇒ c(γ1, · · · , γi, β, · · · , γn),
(W) α ⊢ β ⇒ α.

Most of these axioms hold trivially for KD45(FLew) as they do for FLew. Now, the
consequential general result that can be applied is that KD45(FLew) is algebraize
and complete with respect to the variety of algebras known as pseudo monadic
residuated lattices.
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Definition 3.3. An algebra (L, ∧, ∨, ∗, →,□,♢, 0, 1) of type (2, 2, 2, 2, 1, 1, 0, 0) is
called a pseudo monadic residuated lattice if (L, ∧, ∨, ∗, →, 0, 1) is a residuated lattice
that also satisfies:

(P1) □1 = 1,
(P2) ♢0 = 0,
(P3) □a → ♢a = 1,
(P4) □(a → □b) = ♢a → □b,
(P5) □(□a → b) = □a → □b
(P6) ♢a → □♢a = 1,
(P7) □(a ∧ b) = □a ∧□b,
(P8) ♢(a ∨ b) = ♢a ∨ ♢b,
(P9) ♢(a ∗ ♢b) = ♢a ∗ ♢b,
(P10) ♢(♢a → ♢b) = ♢a → ♢b,
(P11) ♢(♢a ∧ ♢b) = ♢a ∧ ♢b.

Pseudo monadic residuated lattices form a variety denoted by PRL. To simplify
notation, if L is a residuated lattice and we enrich it with a pseudomonadic structure,
we denote the resulting algebra as (L,□,♢). It is evident that for each proper
subvariety V of residuated lattices, the algebras in PRL whose RL-reducts are in V
form a proper subvariety PV of PBL. These algebras will be called pseudomonadic
V-algebras.

In their work [13], Rachu̇nek and Šalounová introduced the monadic residuated
lattice as a structure (L, ∀, ∃) satisfying the following identities:

(M1) ∀a → a = 1,
(M2) a → ∃a = 1,
(M3) ∀(a ∨ ∃b) = ∀a ∨ ∃b,
(M4) ∃∀a = a,
(M5) ∃(a ∗ a) = ∃a ∗ ∃a,
(M6) ∃(∃a ∗ ∃b) = ∃a ∗ ∃b,
(M7) ∀(a → ∃∃b) = ∃a → ∃b,
(M8) ∀(∃a → b) = ∃a → ∀b,
(M9) ∀∀a = ∀a,

for any a, b ∈ L.
Moreover, we give an equivalent axioms of monadic residuated lattices.

Theorem 3.4. Let L be a residuated lattice, ∀ and ∃ are two maps on L. Then
(L, ∀, ∃) is a monadic residuated lattice iff it satisfies the following conditions:

(M1) ∀a → a = 1,
(M3) ∀(a ∨ ∃b) = ∀a ∨ ∃b
(M5) ∃(a ∗ a) = ∃a ∗ ∃a,
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(M10) ∀(∀a → b) = ∀a → ∀b,
(M11) ∀(a → ∀b) = ∃a → ∀b.

It is important to note that the variety of monadic residuated lattices is the
equivalent algebraic semantics of the monadic fragment of substructural predicate
fuzzy logic, which is in turn equivalent to the fuzzy modal logic S5(RL). It can
be observed that every monadic residuated lattice is an pseudo monadic residuated
lattice if taking ∀ = □, ∃ = ♢. Therefore, the variety MRL of monadic residuated
lattices is a subvariety of PRL. However, equations (M1), (M3) and (M5) are not
valid in any pseudo monadic residuated lattice.

Example 3.5. [14] Let L be the four-element MV-algebra over the universal L =
{0, 1

3 , 2
3 , 1} and the algebra (L,□,♢), where □ and ♢ are given by

□x =
{

0, x = 0, 1
3 ,

1, x = 2
3 , 1.

♢x =
{

0, x = 0, 1
3 ,

1, x = 2
3 , 1.

It is easy to verified that (L,□,♢) satisfies the set of axioms of pseudo monadic
residuated lattice, but the axiom (M1) is not valid for a = 2

3 , since

□2
3 = 1 ≰ 2

3 .

Example 3.6. Let L = {0, a, b, c, d, 1}, where 0 ≤ a, b; a ≤ c, d; b ≤ c; c, d ≤ 1.
Defining operations → and ∗ as follows:

→ 0 a b c d 1
0 1 1 1 1 1 1
a c 1 c 1 1 1
b d d 1 1 d 1
c a d c 1 d 1
d b c b c 1 1
1 0 a b c d 1

∗ 0 a b c d 1
0 0 0 0 0 0 0
a 0 0 0 0 0 a
b 0 0 b b 0 b
c 0 0 b b a c
d 0 0 0 a d d
1 0 a b c d 1

Then (L, ∧, ∨, ∗, →, 0, 1) is a residuated lattice. Now, we define □ and ♢ as
follows:

□x =





1, x = 1,

b, x = b, c,

d, x = d,

0, x = 0, a,

♢x =





1, x = 1,

b, x = b,

d, x = a, d,

0, x = 0.
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It is easily to checked that (L,□,♢) is a pseudo monadic residuated lattice. However,
it does not satisfy axiom (M5), since

♢(a ∗ a) = ♢0 = 0 ̸= d = ♢a ∗ ♢a.

Then we study some properties of pseudomonadic residuated lattice (L,□,♢).

Proposition 3.7. Let (L,□,♢) be a pseudo monadic residuated lattice. Then we
have: for any a, b ∈ L,

(P12) □0 = 0,
(P13) ♢1 = 1,
(P14) □□a = □a,
(P15) ♢□a = □a,
(P16) ♢♢a = ♢a,
(P17) □♢a = ♢a,
(P18) ♢(♢a ∨ ♢b) = ♢a ∨ ♢b,
(P19) ♢(♢a ∗ ♢b) = ♢a ∗ ♢b,
(P20) □(♢a → b) = ♢a → □b,
(P21) □¬a = ¬♢a,
(P22) □(□a → a) = 1,
(P23) □(a → ♢a) = 1,
(P24) If a → b = 1, then □a → □b = 1,
(P25) If a → b = 1, then ♢a → ♢b = 1.

Proof. (P12) We can derive from (P2) and (P3) the inequality □0 ≤ ♢0 = 0, which
implies □0 = 0.

(P13) From (P1) and (P3), we have 1 = □1 ≤ ♢1, therefore ♢1 = 1.
(P14) By applying (P3), we can deduce □□a → ♢□a = 1, i.e., □□a ≤ ♢□a.

Moreover, using (P1) and (P4), we have

1 = □(□a → □a) = ♢□a → □a,

that is ♢□a ≤ □a. This leads to □□a ≤ □a.
On the other hand, by (P1) and (P5), we have

1 = □(□a → □a) = □a → □□a,

which implies □a ≤ □□a, and consequently, □□a = □a.
(P15) It is immediate from the previous proof (P14).
(P16) From (P9), we get

♢♢a = ♢(1 ∗ ♢a) = ♢1 ∗ ♢a = ♢a,
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that is, ♢♢a = ♢a.
(P17) Using (P6), we have ♢a ≤ □♢a. For the other direction, considering (P3)

and (P16), we have

□♢a ≤ ♢♢a = ♢a.

Hence □♢a = ♢a.
(P18) This is a direct consequence of (P8) and (P16).
(P19) It is an immediate consequence of (P9) and (P16).
(P20) By applying (P17) and (P5), we get

□(♢a → b) = □(□♢a → b) = □♢a → □b = ♢a → □b.

(P21) By combining (P12) and (P4), we obtain

□¬a = □(a → 0) = □(a → □0) = ♢a → □0 = ♢a → 0 = ¬♢a.

(P22) Taking into account (P5), we have □(□a → a) = □a → □a = 1.
(P23) From (P17) and (P4), we have

□(a → ♢a) = □(a → □♢a) = ♢a → □♢a = ♢a → ♢a = 1,

that is, □(a → ♢a) = 1.
(P24) It is an immediate consequence of (P7).
(P25) It is an immediate consequence of (P8).

Proposition 3.8. Let (L,□,♢) be a pseudo monadic residuated lattice. Then □L =
♢L, and ♢L is a subalgebra of L.

Proof. By using (P15) and (P17), we can conclude that

□L = {□a : a ∈ L} = {♢a : a ∈ L} = ♢L.

On the other hand, from (P2), (P13), (P16), (P18), (P19), (P10) and (P11), we
obtain that ♢L is a subalgebra of L.

Remark 3.9. It is noted that (P14) and (P16) imply that □ and ♢ are idempo-
tent operations, which means they are equal when restricted to the subalgebra ♢L.
Furthermore, (P24) and (P25) demonstrate that both operators are monotonic.

A nonempty subset F of a residuated lattice L is called a filter if it satisfies: (1)
1 ∈ F ; (2) a ∈ F and a → b ∈ F imply b ∈ F . A filter F of L is called a proper filter
if F ̸= L. Every filter F of a residuated lattice L determines a congruence ≡F given
by

a ≡F b if and only if a → b ∈ F and b → a ∈ F .
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Moreover, the map F 7→≡F is an order isomorphism between the lattice of filters of
a residuated lattice L and the lattice of congruences of L. Now we will generalize
the notion of filters for our new structures.

Definition 3.10. A subset F of a pseudo monadic residuated lattice (L,□,♢) is a
pseudo monadic filter if F is a filter and if a → b ∈ F , then □a → □b ∈ F and
♢a → ♢b ∈ F .

Theorem 3.11. Let F be a pseudo monadic filter of a pseudo monadic residuated
lattice (L,□,♢). Then, the binary relation ≡F on L defined by a ≡F b if and only
if a → b ∈ F and b → a ∈ F is a congruence relation. Moreover, F = {a ∈ L :
a ≡F 1}. Conversely, if ≡ is a congruence on L, then F≡ = {a ∈ L : a ≡ 1} is a
pseudo monadic filter, and a ≡ b if and only ifa → b = 1 and b → a = 1. Therefore,
the correspondence F 7→≡F is a bijection from the set of pseudo monadic filters of
(L,□,♢) onto the set of congruences on (L,□,♢).

Proof. The fact that the congruence ≡F of a residuated lattice L is also a congruence
of the pseudo monadic residuated lattice (L,□,♢) follows immediately from the
definition of pseudo monadic filters. We will check that F = {a ∈ L : a ≡F 1}. In
detail, a → 1 = 1 ∈ F and if a ∈ F , since a = 1 → a, we have 1 → a ∈ F . Hence,
a ≡F 1. On the other hand, if we consider a ∈ {a ∈ L : a ≡F 1}, it is immediate
that a = 1 → a ∈ F .

4 Subvarieties of pseudo monadic residuated lattices
In this section, we will see that pseudo monadic residuated lattices generalize

three well studied classes of algebras. In particular, the subclass that we are in-
terested in is the algebraic counterpart of modal fuzzy logic KD45. First, given a
pseudo monadic residuated lattice (L,□,♢), we will show that

(1) if the reduct L is a BL-algebra, then the algebra (L,□,♢) is a pseudo monadic
BL-algebra,

(2) if the reduct L is a Gödel algebra, then the algebra (L,□,♢) is a Bi-modal
Gödel algebra,

(3) if the reduct L is a Boolean algebra, then the algebra (L,♢) is a pseudo
monadic algebra.

In [15], the authors introduced the class of pseudo monadic BL-algebras that
they serve as algebraic models of Hájek’s fuzzy modal logic.

Definition 4.1. [15] An algebra (L, ∧, ∨, ∗, →,□,♢, 0, 1) of type (2, 2, 2, 2, 1, 1, 0, 0)
is called a pseudo monadic BL-algebra if (L, ∧, ∨, ∗, →, 0, 1) is a BL-algebra that
satisfies:
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(PBL1) □1 = 1,
(PBL2) ♢0 = 0,
(PBL3) □a → ♢a = 1,
(PBL4) □(a → □b) = ♢a → □b,
(PBL5) □(□a → b) = □a → □b,
(PBL6) ♢a → □♢a = 1,
(PBL7) □(a ∨ b) = □a ∨□b,
(PBL8) □(a ∧ b) = □a ∧□b.
(PBL9) ♢(a ∗ ♢b) = ♢a ∗ ♢b.

The class of pseudo monadic BL-algebras forms a variety which is denoted by
PBL.

Theorem 4.2. Let L be a BL-algebra. Then (L,□,♢) is a pseudo monadic BL-
algebra iff (L,□,♢) is a pseudo monadic residuated lattice.

Proof. Assume first that (L,□,♢) is a pseudo monadic residuated lattice, we recall
that since L is a BL-algebra, it satisfies the conditions:

(DIV) a ∧ b = a ∗ (a → b),
(PRE) (a → b) ∨ (b → a) = 1.

(P11) By (P3) and (P20), we have that

♢a → ♢b = ♢a → □♢b = □(♢a → ♢b) ≤ ♢(♢a → ♢b),

which implies ♢a → ♢b ≤ ♢(♢a → ♢b). Moreover, by applying (P17),(P4) and(P1),
we can deduce

♢(♢a ∧ ♢b) → ♢b = ♢(♢a ∧ ♢b) → □♢b

= □((♢a ∧ ♢b) → □♢b)
= □((♢a ∧ ♢b)) → ♢
= □1
= 1,

and consequently, ♢(♢a ∧ ♢b) ≤ ♢b. By the condition (DIV) and (P9), we have

♢(♢a ∗ (♢a → ♢b)) ≤ ♢b, ♢(♢a → ♢b) ∗ ♢a ≤ ♢b,

further by residuation,

♢(♢a → ♢b) ≤ ♢a → ♢b.

(P12) By the condition (DIV), we have

♢(♢a ∧ ♢b) = ♢(♢a ∗ (♢a → ♢b)).
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Then by (P11), the right side of the last identity is equivalent to

♢(♢a ∗ ♢(♢a → ♢b)),

further by (P19), which is equivalent to

♢a ∗ ♢(♢a → ♢b) = ♢a ∗ (♢a → ♢b) = ♢a ∧ ♢b.

Then follows from Definition 4.1 that (L,□,♢) is a pseudo monadic BL-algebra.
Conversely is trivial.

Bezhanishvili introduced the class of pseudo monadic algebras as natural gener-
alizations of monadic algebras and showed that they serves as algebraic version of
KD45 over classical logic [16].

Definition 4.3. [16] An algebra (L,♢) is said to be a pseudo monadic algebra if L is
a Boolean algebra and ♢ is a unary operator on L satisfying the following identities:

(PB1) ♢0 = 0,
(PB2) ♢(a ∨ b) = ♢a ∨ ♢b,
(PB3) ♢(♢a ∧ b) = ♢a ∧ ♢b,
(PB4) ¬♢a ≤ ♢¬a,

for any a, b ∈ L.

The class of pseudo monadic algebras forms a variety denoted byPMA, which is
a proper extension of the variety of monadic algebras. In this case, we use □ as an
abbreviation of the operator ¬♢¬ since they are dual.

Theorem 4.4. Let L be a Boolean algebra. Then (L,□,♢) is a pseudo monadic
residuated lattice if and only if (L,♢) is a pseudo monadic algebra.

Proof. Notice that Busaniche et al. have proven that if L is a Boolean algebra, then
(L,□,♢) is a pseudo monadic BL-algebra iff (L,♢) is a pseudo monadic algebra.
Further by Theorem 4.2, the result of this theorem can be proved.

Gödel algebras can be characterized as the subvariety of residuated lattices de-
termined by the equation

a ∗ a = a, a ∧ b = a ∗ (a → b).

Caicedo and Rodriguez showed that the set of valid formulas in the subclass of serial,
transitive and Euclidean GK-frames (Gödel Kripke frames)can be axiomatized by
adding some additional axioms and a rule to those of Gödel fuzzy logic G. The logic
obtained is denoted KD45(G) and has the variety of Bimodal Gödel algebras as its
algebraic semantics. Notice that Busaniche et al. proved that the class of pseudo
monadic Gödel algebras and the Bimodal Gödel algebras coincide [11].
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Definition 4.5. [11] An algebra (L, ∧, ∨, →,□,♢, 0, 1) of type (2, 2, 2, 1, 1, 0, 0) is
called a pseudo monadic Gödel algebra if (L, ∧, ∨, →, 0, 1) is a Gödel algebra that
satisfies the following conditions:

(PG1) □(a ∗ b) = □a ∗□b,
(PG2) □1 = 1,
(PG3) ♢a → □b ≤ □(a → b),
(PG4) ♢(a ∨ b) = ♢a ∨ ♢b,
(PG5) ♢0 = 0,
(PG6) ♢(a → b) ≤ □a → ♢b,
(PG7) □a ≤ ♢a,
(PG8) □a ≤ □□a, ♢a ≤ ♢♢a,
(PG9) ♢a ≤ □♢a, ♢□a ≤ □a.

Theorem 4.6. Let L be a Gödel algebra. Then (L,□,♢) is a pseudo monadic
residuated lattice if and only if (L,♢) is a pseudo monadic Gödel algebra.
Proof. The results can be directly proved by Theorem 4.2 and Theorem 6 in [15].

5 Constructions of pseudo monadic residuated lattices
In this section, we offer a characterization of pseudomonadic residuated lattices as

pairs of residuated lattices (L, B), where B is a special case of a relatively complete
subalgebra of L called c-relatively complete, and give a necessary and sufficient
condition for a subalgebra to be c-relatively complete. This results will become
important to establish a connection with possibilistic RL-frames, which is similar to
possibilistic BL-frames in [15].
Definition 5.1. Let (L,□,♢) be a pseudo monadic residuated lattice, if the set

{a ∈ L : □a = 1} ⊊ L

has a least element c, then c will be called a focal element of L.
Example 5.2. Let (L,□,♢) be a pseudo monadic residuated lattice in Example 3.5.
Then

min{a ∈ L|□a = 1} = 1 ⫋ L,
which implies that the focal element exists and it is 1.
Remark 5.3. In fact, if (L,□,♢) is a pseudo monadic residuated lattice and L
is finite, the focal element exists. However, this is not the case for every pseudo
monadic residuated lattice, as demonstrated by the following example. Let L be the
standard MV-algebra with the operators □ and ♢ defined by
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□x = ♢x =
{

1, x = (0, 1],
0, x = 0.

Then resultant structure is a pseudo monadic residuated lattice such that the set

{a ∈ L|□a = 1} = (0, 1]

has no least element.

Proposition 5.4. Let c be a focal element of a pseudo monadic residuated lattice
(L,□,♢). Then c satisfies

c = min{(□a → a) ∧ (a → ♢a), a ∈ L}. (C1)

Proof. Let x be a element of the form

x = (□a → a) ∧ (a → ♢a)

for some a ∈ L. Then it follows from (P5) and (P6) that

□x = □((□a → a) ∧ (a → ♢a))
= □(□a → a) ∧□(a → ♢a)
= (□a → □a) ∧ (♢a → ♢a)
= 1,

which implies x ∈ {x ∈ L : □x = 1}. Hence by the definition of the focal element,
we have c ≤ x. On the other hand, since □c = ♢c = 1, we can take

c = (□c → c) ∧ (c → ♢c).

Therefore, c is the least element of (□a → a) ∧ (a → ♢a).

Definition 5.5. A pseudo monadic residuated lattice (L,□,♢) with focal element c
will be called a c-pseudo monadic residuated lattice.

Example 5.6. Let (L,□,♢) be a pseudo monadic residuated lattice such that L is
finite. Then (L,□,♢) is a c-pseudo monadic residuated lattice. For example, pseudo
monadic residuated lattices in Examples 3.5 and 3.6 are c-pseudo monadic residuated
lattices.

Regarding the class of c-pseudo monadic residuated lattices, the focal element
plays an important role, since it allows us to recover the unary operators □ and ♢,
as shown in the following theorem.
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Theorem 5.7. Let L be a c-pseudo monadic residuated lattice and B be the subal-
gebra given by Proposition 3.8. Then

□a = max{b ∈ B : b ≤ c → a},
♢a = min{b ∈ B : c ∗ a ≤ b}.

Proof. Since B = □L = ♢L and c satisfies the condition (C1), we get

c ≤ (□a → a) ∧ (a → ♢a) ≤ □a → a

for all a ∈ L. By residuation, □a ≤ c → a. Now we assume that there is b ∈ B such
that b ≤ c → a. Then there exists x ∈ L such that b = □x, and so □x ≤ c → a, or
equivalently, c ≤ □x → a. By (P13), we have

□c ≤ □x → □a.

Since □c = 1, it follows that b = □x ≤ □a. Therefore, □a = max{b ∈ B : b ≤ c →
a}.

Arguing as above,

c ≤ (□a → a) ∧ (a → ♢a) ≤ a → ♢a

for all a ∈ L. Thus c ∗ a ≤ ♢a. Suppose there exists b ∈ B such that c ∗ a ≤ b with
b = ♢y for some y ∈ L. By residuation, c ≤ a → ♢y. By (P13) and (P6), we obtain
□c ≤ ♢a → ♢y, and then

♢a ≤ □c → ♢y = 1 → ♢y = ♢y = b.

We can conclude that ♢a = min{b ∈ B : c ∗ a ≤ b}.

According to Proposition 3.8, if (L,□,♢) is a pseudo monadic residuated lattice,
then ♢L = □L is a subalgebra of L. We are going to show under which conditions
a pseudo monadic residuated lattice can be defined from a residuated lattic L and
one of its subalgebras B.

Definition 5.8. Let L be a residuated lattice, B be a subalgebra of L and c ∈ L.
Then the pair (B, c) is a c-relative complete subalgebra, if the following conditions
hold:

(e1) For any a ∈ L, the subset

{b ∈ B : b ≤ c → a}

has a greatest element, and the subset

{b ∈ B : c ∗ a ≤ b}
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has a least element.
(e2) {a ∈ L : c2 ≤ a} ∩ B = {1}.

Theorem 5.9. Let L be a residuated lattice and (B, c) be a c-relative complete
subalgebra. If we define the operations on L:

□a = max{b ∈ B : b ≤ c → a}, (□1)
♢a = min{b ∈ B : c ∗ a ≤ b}. (♢1)

Then (L,♢,□) is a c-pseudo monadic residuated lattice such that □L = ♢L = B.
Conversely, if L is a c-pseudo monadic residuated lattice, then (□L, c) is a c-relative
complete subalgebra of L.

Proof. Clearly condition (e1) guarantees the existence of □a and ♢a for every a ∈ L.
It remains to show that (L,□,♢) satisfies Definition 3.1. Let a, b ∈ L,

(P1) Because B is a subalgebra, so it is clear that

□1 = max{b ∈ B : b ≤ c → 1} = 1,

that is, □1 = 1.
(P2) Similarly, we can get

♢0 = min{b ∈ B : c ∗ 0 ≤ b} = 0,

that is, ♢0 = 0.
(P3) By definition, we have □a ≤ c → a. Then, c ∗□a ≤ a and c2 ∗□a ≤ c ∗ a.

Since c ∗ a ≤ ♢a, we can get c2 ∗□a ≤ ♢a. By residuation, c2 ≤ □a → ♢a. Besides,
from (♢1) and (e2), we have ♢c = 1 and

♢c = min{b ∈ B : c2 ≤ b} = 1.

Since □a → ♢a ∈ B, hence

1 = ♢c ≤ □a → ♢a.

That is, □a → ♢a = 1.
(P4) On the one hand, from a ∗ c ≤ ♢a, we can get

♢a → □b ≤ (a ∗ c) → □b = c → (a → □b).

Since □a → ♢a ∈ B, we obtain

♢a → □b ≤ □(a → □b).

On the other hand, we know that

□(a → □b) ≤ c → (a → □b) = (a ∗ c) → □b.
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Hence, by residuation,

a ∗ c ≤ □(a → □b) → □b.

Taking into account (♢1), we have

♢a ≤ □(a → □b) → □b,

so □(a → □b) ≤ ♢a → □b.
(P5) By definition,

□(□a → b) ≤ c → (□a → b) = □a → (c → b),

that is, □(□a → b) ∗□a ≤ c → b. Taking into account (□1), we obtain

□(□a → b) ≤ □a → □b.

Moreover, □b ≤ c → b implies

□a → □b ≤ □a → (c → b) = c → (□a → b),

from where, by definition of □(□a → b), we get □a → □b ≤ □(□a → b).
(P6) We know that ♢a ≤ c → ♢a and ♢a ∈ B. Therefore, ♢a ≤ □♢a, that is

♢a → □♢a = 1.
(P7) Note that

□(a ∧ b) ≤ c → (a ∧ b) = (c → a) ∧ (c → b).

Then □(a∧b) ≤ c → a = □a and □(a∧b) ≤ c → b = □b. Hence □(a∧b) ≤ □a∧□b.
On the other hand, □a ∧□b ≤ □a ≤ c → a and □a ∧□b ≤ □b ≤ c → b. Thus,

□a ∧□b ≤ (c → a) ∧ (c → b) = c → (a ∧ b).

Since □(a ∧ b) = max{a ∈ B : a ≤ c → (a ∧ b)}, we obtain □a ∧□b ≤ □(a ∧ b).
(P8) The proof is analogous to the (P7).
(P9) By definition c ∗ (a ∗ ♢b) ≤ ♢(a ∗ ♢b), then by residuation,

c ∗ a ≤ ♢b → ♢(a ∗ ♢b).

So ♢a ≤ ♢b → ♢(a ∗ ♢b), or equivalently ♢a ∗ ♢b ≤ ♢(a ∗ ♢b). Since a ∗ c ≤ ♢a, we
have

(a ∗ c) ∗ ♢b ≤ ♢a ∗ ♢b.

Therefore, ♢(a ∗ ♢b) ≤ ♢a ∗ ♢b.
(P10) Since c ∗ (♢a → ♢b) ≤ ♢(♢a → ♢b). Then by residuation, we have

♢a → ♢b ≤ c → ♢(♢a → ♢b).
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According to (□1), we can get ♢a → ♢b ≤ □♢(♢a → ♢b). Hence ♢a → ♢b ≤
♢(♢a → ♢b). On the other hand, we have

□(♢a → ♢b) ≤ c → (♢a → ♢b).

So □(□♢a → ♢b) ≤ c → (♢a → ♢b), or equivalently, □♢a → ♢b ≤ c → (♢a → ♢b).
Hence

♢a → ♢b ≤ c → (♢a → ♢b).

By residuation, we have

c ∗ (♢a → ♢b) ≤ ♢a → ♢b.

Therefore, ♢(♢a → ♢b) ≤ ♢a → ♢b.
(P11) Since c ∗ (♢a ∧ ♢b) ≤ ♢(♢a ∧ ♢b), by residuation, we can get

♢a ∧ ♢b ≤ c → ♢(♢a ∧ ♢b).

Then ♢a ∧ ♢b ≤ □♢(♢a ∧ ♢b), that is, ♢a ∧ ♢b ≤ ♢(♢a ∧ ♢b). Moreover,

c ∗ (♢a ∧ ♢b) ≤ ♢a ∧ ♢b.

So ♢(♢a ∧ ♢b) = ♢a ∧ ♢b.
Thus,⟨L,□,♢⟩ is a pseudo monadic residuated lattice.
We verify that c is the focal element of ⟨L,□,♢⟩. To that aim, let a be an element

of {a ∈ L : □a = 1}. Then, from (□1), we get 1 = □a ≤ c → a and c ≤ a. Besides,

≤ □c = max{b ∈ B : b ≤ c → c} = 1,

and so c = min{a ∈ L : □a = 1}.
Now let us see that □L = ♢L = B. By the previous and Theorem 3.4, the first

equality is satisfied. On the other hand, it is clear that ♢L ⊆ B. Furthermore, for
all b ∈ B, c∗b ≤ b, whereby ♢b ≤ b. Besides c2 ∗b ≤ c∗b ≤ ♢b. Then by residuation,
c2 ≤ b → ♢b, but b,♢b ∈ B and B is subalgebra, it follows that b → ♢b ∈ B and is
greater than c2. Thus, 1 = ♢c ≤ b → ♢b. Consequently, b ≤ ♢b, and hence B ⊆ ♢L.

Conversely, let ⟨L,□,♢⟩ be a c-pseudomonadic residuated lattice. From Theorem
3.4, we know that ♢L is a subalgebra of L. Let us now show that conditions (e1)
and (e2) hold.

(e1) By Theorem 4.4, □a = max{b ∈ □L : b ≤ c → a} and ♢a = min{b ∈ □L :
c ∗ a ≤ b}.

(e2) {a ∈ L : c2 ≤ a} ∩ □L = {a ∈ □L : c2 ≤ a}. By Theorem 4.5, the set
{a ∈ □L : c2 ≤ a} has a least element and is ♢c, and so {a ∈ □L : c2 ≤ a} = {1}.
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6 Conclusions

The motivation behind our paper is to present an algebraic characterization of
a fuzzy epistemic logic system that extends the classical KD45, and it is based on
substructural fuzzy epistemic logics. To achieve this goal, we have introduced pseudo
monadic residuated lattices, as residuated lattices with two unary operators that
behave generalizing the modal operators of KD45. We have studied some of their
logical and algebraic properties, and we have shown their relationship with monadic
residuated lattices, which turn to be the algebraic counterpart of the fuzzy version of
S5. The results of Section 4 suggest that our definition of pseudo monadic residuated
lattices is on firm ground: We have shown that pseudo monadic residuated lattices
whose RL-reduct are Boolean algebras coincide with the algebraic correspondent
of classical KD45 (Pseudomonadic algebras) and that the ones whose RL-reduct
is a Gödel algebra are equivalent to serial transitive and Euclidean Bimodal Gödel
algebras, the algebraic correspondent to the Gödel generalization of KD45. To
close the ideas of the paper, after investigating c-pseudo monadic residuated lattices
and complex pseudo monadic residuated lattices, we give a construction of c-pseudo
monadic residuated lattices.
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1 Introduction

It is well-known that certain information processing approaches, especially in-
ferences based on certain information, are based on the classical logic. Naturally, it
is necessary to establish some rational logic systems as a logical foundation for un-
certain information processing. For this reason, kinds of non-classical logic systems
have been proposed and researched [6, 19, 11]. As semantic systems for non-classical
logic systems, various logical algebras have been introduced and investigated, such
as Hájek [19] presented a logic intended to be the basic fuzzy logic BL and gave an
algebraic semantics for them introducing the variety of BL-algebras. Indeed, BL is a
general framework of fuzzy logic for capturing the tautologies of continuous t-norm
and their residua. However, it is proved that the sufficient and necessary condition
for a t-norm to have a residuated implication is the left-continuity, hence it makes
sense to consider fuzzy logics based not on continuous t-norm but on left contin-
uous t-norms. Based on the above consideration, Esteva and Godo [11] proposed
a new logic, called monoidal t-norm-based logic MTL, as the basic fuzzy logic in
this more general sense, and gave an algebraic semantics for MTL introducing the
variety of MTL-algebras. Afterwards, Jenei and Montagna [23] proved that MTL is
indeed the logic of all left-continuous t-norms and their residua. Thus MTL-algebras
are the most fundamental residuated structures contain all algebras induced by left
continuous t-norms and their residua.

Monadic Boolean algebra (L,∃), in the sense of Halmos [21], is a Boolean algebra
equipped with a closure operator ∃, which abstracts algebraic properties of the
standard existential quantifier "for some". The name "monadic" comes from the
connection with predicate logics for languages having one placed predicates and
a single quantifier. After that, monadic MV-algebras, the algebraic counterpart
of monadic Łukasiewicz logic, were introduced and studied in [28, 25]. Monadic
BL-algebras, monadic residuated lattices, monadic residuated ℓ-monoids, monadic
bounded hoops, monadic NM-algebras, monadic pseudo BCI-algebras and monadic
pseudo equality algebras were introduced and investigated in [4, 8, 18, 26, 27, 32,
33, 42, 41, 17]. As for this topic, Wang recently has made some very interesting
and meaningful explorations on the representations of monadic algebras and the
completeness of their corresponding logics in [34, 35, 36, 37, 38, 39, 40]. And in
particular, He has used the Kalman functor to relate the category of weak monadic
residuated distributive lattices and the category of monadic c-differential residuated
distributive lattices in [37], providing a new algebraic proof of completeness for
monadic fuzzy predicate logic MMTL∀ in [38], studying some deeper algebraic
results of monadic BL-algebras in [34, 35, 36] and creatively study the algebraic
semantics of similarity in monadic substructural predicate logics in [39].
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The concept of similarity was introduced by Zadeh [43] to extend to the fuzzy
framework the notion of equivalence relations. Since then similarity has been used
for a wide range of applications, for example, in clustering, fuzzy control, fuzzy logic
programming and in all the contexts in which there is the necessity of reasoning by
analogy [10, 12, 22, 24]. Similarity on t-norm based fuzzy logic was introduced by
Castro [5] with the intent of measuring the similarity degree of each couple of truth
of propositions in fuzzy systems, which is a generalization of equivalence on classical
logic. Considering that random experiments may also follow the rules of other fuzzy
systems, the notion of similarity has been extended to various logic systems such as
predicate BL [19], Łukasiewicz [30] and their non-commutative cases [13]. Although
these way can be expanded the scope of similarity, they both have as codomain the
closed unit interval [0,1]. However, fuzzy logical algebras with similarities are not
Universal Algebra and hence they do not automatically induce an assertional logic.
To present a unified approach to similarity and introduce in the many valued context
a deduction apparatus able to reason by analogy in a logical and algebraic setting, a
new approach to similarities on MV-algebras was introduced by Gerla and Leuştean
[16], where they added a binary operation S to the language of MV-algebras as
a similarity satisfying some basic properties of similarity. The resulting algebras
structures were so-called similarity MV-algebras. This approach generalizes the
similarity, as a function on the algebra taking values in the interval [0,1] with the
addition property, as well as Hájek’s approach to fuzzy logic with very true in [20].
Moreover, Gerla and Leuştean presented an algebraizable logic, and its equivalent
algebraic semantics is precisely the variety of similarity MV-algebras, and proved the
completeness of them. Recently, Wang introduced in [35] similarity MTL-algebras,
which provide a more general algebraic foundation for the similarity degree of each
couple of truth degrees of propositions in MTL, and gave some characterizations of
representable similarity MTL-algebras.

In this paper, we will extend similarity to monadic MTL-algebras for providing
a more general algebraic foundation for the similarity degree of each couple of truth
degrees of predicate variables in monadic monoidal t-norm based predicate logic.
The main focus of existing research about similarity is on MV-algebras [16], DH-
algebras [1], Łukasiewicz-Moisil algebras [7] and MTL-algebras [35]. All the above
mentioned algebraic structures are the algebraic semantics of t-norm based on fuzzy
propositional logic. However, there is no research about algebras of similarity in
monadic fuzzy predicate t-norm based fuzzy logic so far. Therefore, it is interesting
to study similarity on monadic MTL-algebras for treating a variant of the concept of
similarities within the framework of Universal Algebra and provide a sold algebraic
foundation for the similar degree of each couple of truth degrees of predicate variables
in monadic t-norm fuzzy based predicate logic. These are the motivations for us to
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investigate similarity on monadic MTL-algebras.
The paper is organized as follows. In Section 2, we review some basic definitions

and results about monadic MTL-algebras. In Section 3, we introduce similarity
monadic MTL-algebras and study some of their related algebraic properties. In
Section 4, we introduce and investigate similarity filters in the similarity monadic
MTL-algebras and give some characterizations of representable similarity monadic
MTL-algebras. In Section 5, we introduce the the logic of similarity monadic MTL-
algebras and prove the soundness and completeness of them.

2 Preliminaries
In this section, we review some basic results on MTL-algebras and their related

monadic algebraic structures.

Definition 2.1. [11] An MTL-algebra is an algebraic structure (L,∪,∩,⊗,→, 0, 1)
with four binary operations and two constants 0, 1 such that:

(1) (L,∪,∩, 0, 1) is a bounded lattice,
(2) (L,⊗) is a commutative monoid,
(3) p⊗ q ≤ r if and only if p ≤ q → r,
(4) (p → q) ∪ (q → r) = 1,

for any p, q, r ∈ L.

In what follows, by L we denote the universe of an MTL-algebra (L,∪,∩,⊗,→
, 0, 1). In any MTL-algebra L, we define

¬p = p → 0,¬¬p = ¬(¬p), p0 = 1 and pn = pn−1 ⊙ p for n ≥ 1.

Proposition 2.2. [35] Let (L,∪,∩,⊗,→, 0, 1) be an MTL-algebra. Then the fol-
lowing properties are valid, for all p, q, r ∈ L:

(1) p ∪ q ≤ (p → q) → q (in particular p ≤ ¬¬p),
(2) p → q ≤ p⊗ r → q ⊗ r,
(3) (p → q) ⊗ (q → r) ≤ (p → r),
(4) If p ≤ q, then p⊗ r ≤ q ⊗ r, r → p ≤ r → q and q → r ≤ p → r,
(5) p → (q → r) = q → (p → r) = (p⊗ q) → r,
(6) p ↔ q ≤ (q ↔ r) ↔ (p ↔ r),
(7) If ∩i∈Ipi,∪i∈Iqi and ∩i∈I(qi → pi) exist, then ∩i∈I(pi → qi) ≤ ∪i∈Ipi →

∪i∈Iqi,
(8) If ∩i∈Ipi,∩i∈Iqi and ∩i∈I(qi → pi) exist, then ∩i∈I(pi → qi) ≤ ∩i∈Ipi →

∪i∈Iqi.
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In the sequel, we recall some representations of MTL-algebras. In order to do
so, we start from recalling filters of MTL-algebras in [3].

A nonempty subset F of an MTL-algebra L is called a filter if it satisfies: (1)
1 ∈ F ; (2) p ∈ F and p → q ∈ F imply q ∈ F . A filter F of L is called a proper
filter if F ̸= L. Unless otherwise explicitly stated, filters are assumed to be proper.
A proper filter F of L is called a maximal filter if it is not contained in any proper
filter of L. A proper filter F of L is called a prime filter if for each p, q ∈ L and
p ∨ q ∈ F , imply p ∈ F or q ∈ F . A prime filter F is said to be minimal if it is a
minimal element in the set of prime filters of L ordered by inclusion. Moreover, we
denote by ⟨X⟩ be the filter generated by a nonempty subset X of L. Clearly

⟨X⟩ = {p ∈ L | p ≥ p1 ⊗ p2 ⊗ · · · ⊗ pn, for some n ∈ N and some pi ∈ X}.

In particular, the principal filter generated by an element p ∈ L is

⟨p⟩ = {q ∈ L | q ≥ pn}.

If F is a filter and p ∈ L, then

⟨F ∪ {p}⟩ = {q ∈ L | q ≥ f ⊗ pn, for some f ∈ F}.

Definition 2.3. [26] An algebraic structure (L,∩,∪,⊗,→, 0, 1, ∀, ∃) is said to be
a monadic residuated lattice if (L,∩,∪,⊗,→, 0, 1) is a residuated lattice and in
addition ∀ and ∃ satisfy the following identities:

(∀1) ∀p → p = 1,
(∃1) p → ∃p = 1,
(∀2) ∀(p → ∃q) = ∃p → ∃q,
(∀3) ∀(∃p → q) = ∃p → ∀q,
(∀4) ∀(p ∪ ∃q) = ∀p ∪ ∃q,
(∀5) ∀∀p = p,
(∃2) ∃∀p = ∀p,
(∃3) ∃(p⊗ p) = ∃p⊗ ∃p,
(∃4) ∃(∃p⊗ ∃q) = ∃p⊗ ∃q,

for any p, q ∈ L.

Remark 2.4. [36] (∃1), (∀5) and (∃4) are redundant in monadic residuated lattices.

MTL-algebras form a subclass of residuated lattices, so we apply the axioms of
Definition 2.3 from residuated lattices to MTL-algebras and obtain monadic MTL-
algebras.
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Definition 2.5. [36] A monadic MTL-algebra is a structure structure (L,∪,∩,⊗,→
, 0, 1,∀,∃) in which (L,∪,∩,⊗,→, 0, 1) is an MTL-algebra, ∀ and ∃ are two unary
operations on L, and satisfying the conditions: (∀1), (∀2), (∀3), (∀4), (∃2), (∃3).

In the sequel, by (L,∀, ∃) we denote the universe of a monadic MTL-algebra
(L,∩,∪,⊗,→, 0, 1,∀, ∃).

Proposition 2.6. [26] Let (L,∀, ∃) be a monadic MTL-algebra. Then the following
properties hold: for any p, q ∈ L,

(1) ∀(p → q) → (∀p→∀q) = 1,
(2) ∀(p ∩ q) = ∀p ∩ ∀q,
(3) p → ∃p = 1,
(4) ∃(∃p → q) → (∃p → ∃q) = 1,
(5) ∀(p → ∀q) = ∃p → ∀q,
(6) ∀(∀p → q) = ∀p → ∀q,
(7) ∃(p ∩ ∃q) = ∃p ∩ ∃q,
(8) ∀∃p = ∃p,
(9) ∃∀p = ∀p,
(10) ∃(p ∪ q) = ∃p ∪ ∃q,
(11) ∀(∀p⊗ ∀q) = ∀p⊗ ∀q,
(12) ∀(∀p → ∀q) = ∀p → ∀q,
(13) ∀L = ∃L = L∀∃, where L∀∃ = {p ∈ L|∀p = p} = {p ∈ L|∃p = p},
(14) L∀∃ is a subalgebra of L.

Definition 2.7. [4] A monadic BL-algebra is an algebraic structure (L,∪,∩,⊗,→
, 0, 1,∀,∃) in which (L,∪,∩,⊗,→, 0, 1) is a BL-algebra, ∀ and ∃ are two unary op-
erations on L, and satisfying the conditions: (∀1), (∃3) and

(∀6) ∀(p → ∀q) = ∃p → ∀q,
(∀7) ∀(∀p → q) = ∀p → ∀q,
(∀8) ∀(∃p ∪ q) = ∃p ∪ ∀q,

for any p, q ∈ L .

Theorem 2.8. [36] Let L be an MTL-algebra and ∀ : L → L and ∃ : L → L be two
unary operations on L. Then the sets

G={(∀1), (∀2), (∀3), (∀4), (∃2), (∃3)},
W={(∀1), (∀6), (∀7), (∀8), (∃3)}

are equivalent for an MTL-algebra L.
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3 Similarity monadic MTL-algebras
In this section, we introduce the notion of similarity monadic MTL-algebras and

study some of their related algebraic properties.

Definition 3.1. A similarity monadic MTL-algebra is a quadruple (L,∀,∃, S),
where (L,∀,∃) is a monadic MTL-algebra and S : L × L −→ L is a binary op-
eration on L such that the following properties hold for all p, q, r ∈ L,

(S1) S(p, p) = 1,
(S2) S(p, q) = S(q, p),
(S3) S(p, q) ⊗ S(q, r) ≤ S(p, r),
(S4) p⊗ S(p, q) ≤ q,
(S5) S(p ↔ q, 1) ≤ S(p, r) ↔ S(q, r),
(S6) ∀S(p, q) ≤ S(∀p,∀q),
(S7) ∃S(∃p,∃q) ≤ S(∃p, ∃q).

It is noted that the binary operation S : L × L −→ L which satisfies (S1)-(S5) will
be called a similarity on an MTL-algebra L [35]. If S and T are two similarities on
a monadic MTL-algebra (L,∀, ∃), then we define

S ≤ T if and only if S(p, q) ≤ T (p, q), for any p, q ∈ L.

Remark 3.2. The class of monadic MTL-algebras is a variety of algebras. We can
present the whole axioms of similarity monadic MTL-algebras with equality, so the
class of all similarity monadic MTL-algebras can from a variety.

Proposition 3.3. Let (L,∀,∃, S) be a similarity monadic MTL-algebra. Then the
following statements are equivalent:

(1) S(p, q) = ∀S(p, q),
(2) S(p, q) = ∃S(p, q).

Proof. (1) ⇒ (2) If S(p, q) = ∀S(p, q), then by Proposition 2.6(9), we have

S(p, q) = ∀S(p, q) = ∃∀S(p, q) = ∃S(p, q),

which implies S(p, q) = ∃S(p, q).
(2) ⇒ (1) If S(p, q) = ∃S(p, q), then by Proposition 2.6(8), we have

S(p, q) = ∃S(p, q) = ∀∃S(p, q) = ∀S(p, q),

which implies S(p, q) = ∀S(p, q).

Example 3.4. (1) Let (L,∀,∃) be a monadic MTL-algebra and S : L×L −→ L be
defined by
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△(p, q) :=
{

1 p = q

0 p ̸= q

for all p, q ∈ L. Then (L,∀,∃,△) is a similarity monadic MTL-algebra.

(2) Let (L,∀,∃) be a monadic MTL-algebra and

I(p, q) := p ↔ q.

Then I is a similarity on (L,∀,∃). The axiom (S5) follows by Proposition 2.2. Also,
by Propositions 2.6(1) and (2), we have

∀I(p, q) = ∀(p ↔ q)
= ∀((p → q) ∩ (q → p))
= ∀(p → q) ∩ ∀(q → p)
≤ (∀p → ∀q) ∩ (∀q → ∀p)
= ∀p ↔ ∀q
= I(∀p,∀q).

Then (S6) holds.
For axiom (S7) by Proposition 2.2 and Propositions 2.6(4) and (7), we have:

∃I(∃p,∃q) = ∃(∃p ↔ ∃q)
= ∃((∃p → ∃q) ∩ (∃q → ∃q))
≤ ∃(∃p → ∃q) ∩ ∃(∃q → ∃q)
= (∃p → ∃q) ∩ (∃q → ∃p)
= ∃p ↔ ∃q
= I(∃p,∃q).

Thus (L,∀,∃, I) is a similarity monadic MTL-algebra.

Remark 3.5. (1) It is easy to checked that if S is a similarity on a monadic MTL-
algebra (L,∀,∃), then △ ≤ S ≤ I, which implies that I and △ are extremal similar-
ities on a monadic MTL-algebra (L,∀,∃), respectively.

(2) Zahiri and Borumand Saeid introduced in [44] a similarity monadic BL-
algebra as a quadruple (L,∀,∃, S) that satisfies the axioms: (S1) − (S6) and

(S7)′ ∃S(p, q) ≤ S(∃p,∃q),
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and show that (L,∀,∃, I) in Example 3.4(2) is a similarity monadic BL-algebra.
Indeed, they have

∃I(p, q) = ∃(p ↔ q)
= ∃((p → q) ∩ (q → p))
≤ ∃(p → q) ∩ ∃(q → p)
≤ ∃(∃p → q) ∩ ∃(∃q → p)
= (∃p → ∃q) ∩ (∃q → ∃p)
= ∃p ↔ ∃q
= I(∃p,∃q).

However, in the proof of (S7)′, the inequality

∃(p → q) ∩ ∃(q → p) ≤ ∃(∃p → q) ∩ ∃(∃q → p),

is not true in general, since

∃(p → q) ≤ ∃(∃p → q)

is not hold in any monadic BL-algebra in general. Otherwise, ∀ = ∃ = idL, where
idL is a unary identity operator on a BL-algebra L.

Now we give an example of a finite similarity monadic MTL-algebra.

Example 3.6. let L = {0, h,m, n, 1}, with 0 < h < m < 1, 0 < h < n < 1. We
define ⊗ and → are as follows:

⊗ 0 h m n 1
0 0 0 0 0 0
h 0 h h h h
m 0 h m h m
n 0 h h n n
1 0 h m n 1

→ 0 h m n 1
0 1 1 1 1 1
h 0 1 1 1 1
m 0 n 1 n 1
n 0 m m 1 1
1 0 h m n 1

Then (L,∩,∪,⊗,→, 0, 1) is a BL-algebra and hence an MTL-algebra. Defining ∀
and ∃ are as follows,

p 0 h m n 1
∀p 0 h h h 1

p 0 h m n 1
∃p 0 h 1 1 1

It is verified that (L,∀,∃) is a monadic MTL-algebra and . Now, we define S as
follow:
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S(0, 0) = S(h, h) = S(m,m) = S(n, n) = S(1, 1) = 1,
S(0, h) = S(h, 0) = S(0,m) = S(m, 0) = S(0, n) = S(n, 0) = S(0, 1) = S(1, 0) = 0,

S(h, 1) = S(1, h) = h, S(m, 1) = S(1,m) = m,S(n, 1) = S(1, n) = n,
S(h,m) = S(m,h) = n, S(h, n) = S(n, h) = m,S(m,n) = S(n,m) = h.

Then (L,∀,∃, S) is a similarity monadic MTL-algebra. However, (L,∀, ∃, S) is not
a similarity monadic BL-algebra in [44]. Indeed, (S7)′ is not hold in the case,

S(∃h,∃m) = S(h, 1) = h, ∃S(h,m) = ∃n = 1,

and hence

∃S(h,m) ≰ S(∃h,∃m).

Proposition 3.7. Let (L,∀,∃, S) be a similarity monadic MTL-algebra. Then the
following hold, where S(p, q) = I(p, q) and for any p, q, r, u ∈ L,

(1) S(p, q) = 1 if and only if p = q,
(2) S(p, r) ⊗ S(q, r) ≤ S(p, q),
(3) if p, q ∈ [r, u], then S(r, u) ≤ S(p, q),
(4) S(p, q) ≤ S(p⊗ r, q ⊗ r),
(5) S(p, r) ⊗ S(q, u) ≤ S(p⊗ q, r ⊗ u),
(6) S(p, r) ⊗ S(q, u) ≤ S(q → p, u → r),
(7) S(p, r) ∩ S(q, u) ≤ S(p ∩ q, r ∩ u),
(8) S(p, r) ∩ S(q, u) ≤ S(p ∪ q, r ∪ u),
(9) S(1, p) = p and S(0, p) = ¬p.

Proof. The proof of parts (1), (8), (9) are clear, so we omit them.
(2) By Propositions 2.2(3) and (4), we have

S(p, q) = (p → q) ∩ (q → p)
≥ [(r → p) ⊗ (q → r)] ∩ [(r → q) ⊗ (p → r)]
≥ [(r → p) ∩ ((r → q)] ⊗ [(r → p) ∩ (p → r)] ⊗ [(q → r) ∩ (r → q)]⊗
[(q → r) ∩ (p → r)]
= [(r → p) ∩ (p → r)] ⊗ [(q → r) ∩ (r → q)]
= S(p, r) ⊗ S(r, q).

(3) If p, q ∈ [r, u], then p → q ≥ p → r ≥ u → r, and hence

q → p ≥ q → r ≥ u → r,

which implies S(p, q) ≥ u → r ≥ S(r, u).
(4) By Proposition 2.2(2), we have p → q ≤ (p⊗ r) → (q ⊗ r), and hence
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q → p ≤ (q ⊗ r) → (p⊗ r),

which implies S(p, q) ≤ S(p⊗ r, q ⊗ r).
(5) By (2),(4), we have S(p ⊗ q, r ⊗ u) ≥ S(p ⊗ q, r ⊗ q) ⊗ S(r ⊗ q, r ⊗ u) ≥

S(p, r) ⊗ S(q, u).
(6) We show that (u → p) ⊗ (q → r) ≤ (r → u) → (q → p). This is equivalent

to (u → p) ⊗ (r → u) ⊗ (q → r) ≤ (q → p), so by Proposition 2.2(3), we have
(u → p)⊗(r → u)⊗(q → r)⊗q ≤ p. Hence (p → u)⊗(r → q) ≤ (q → p) → (r → u).
Thus

S(q → p, r → u) ≥ [(u → p) ⊗ (q → r)] ∩ [(p → u) ⊗ (r → q)]
≥ [(u → p) ⊗ (q → r)] ∩ [(p → u) ⊗ (r → q)] ∩ [(u → p) ⊗ (r → q)]

∩ [(p → u) ⊗ (q → r)]
≥ [(u → p) ∩ (p → u)] ⊗ [(q → r) ∩ (r → q)]
= S(p, u) ⊗ S(q, r).

(7) By Proposition 2.2(7), we have (u → p) ∩ (r → q) ≤ (u ∩ r) → (p ∩ q), and
(p → u) ∩ (q → r) ≤ (p ∩ q) → (u ∩ r). So S(p, u) ∩ S(q, r) ≤ S(p ∩ q, u ∩ r).

Definition 3.8. Let X be a set. An L-fuzzy subset of X is a function f : X −→ L
and an L-similarity on X is a fuzzy subset E : X × X −→ L of X × X such that
the following properties hold for any p, q, r ∈ L,

(E1) E(p, p) = 1,
(E2) E(p, q) = E(q, p),
(E3) E(p, q) ⊗ E(q, r) ≤ E(p, r).

An L-fuzzy subset f : X −→ L is extensional with respect to E if for all p, q ∈ X,
(E4) f(p) ⊗ E(p, q) ≤ f(q).

Example 3.9. In Example 3.6, if X = {h,m, n, 1} and S(p, q) = I(p, q), then
f(p) = p3 is an L-fuzzy subset of X. Also for all p, q ∈ X, we have f(p) ⊗ I(p, q) ≤
f(q), so f is an extensional with respect to I.

Remark 3.10. Let (L,∀, ∃, S) be a similarity monadic MTL-algebra, X be a set
and f : X −→ L be an L-subset of X. If we can define

E : X × X −→ L,
E(p, q) := S(f(p), f(q)),

then it is clear that E is an L-similarity on X and f is extensional with respect to
E.
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Let (L,∀,∃) be a monadic MTL-algebra and X a set. Then (LX ,∀X ,∃X) is also
a monadic MTL-algebra with point wise operations, where

0(p) = 0, 1(p) = 1,
(f ∪ g)(p) = f(p) ∩ g(p), (f ∪ g)(p) = f(p) ∪ g(p),

(f ⊗ g)(p) = f(p) ⊗ g(p), (f → g)(p) = f(p) → g(p),
∀X(f) = ∀ ◦ f , ∃X(f) = ∃ ◦ f .

Proposition 3.11. Let SX = {SX : p ∈ X} be a family of similarities on (L,∀,∃).
Then there is an one-to-one correspondence between SX and a family of similarities
on (LX , ∀X , ∃X).

Proof. Let SX = {SX : p ∈ X} be a family of similarities on (L,∀,∃). Then we
define a similarity on a monadic MTL-algebra (LX , ∀X ,∃X) by

SSX
(f, g)(p) := SX(f(p), g(p)),

for all f, g ∈ LX and p ∈ X. Clearly, (LX ,∀X ,∃X , SSX
) is a similarity monadic

MTL-algebra.
Conversely, if

K : (LX , ∀X ,∃X) × (LX , ∀X , ∃X) −→ (LX , ∀X , ∃X)

is a similarity on the monadic MTL-algebra (LX , ∀X , ∃X), then for a ∈ L, we denote
by fa the subset fa(p) = a for all p ∈ X. So we can define a similarity on (L,∀, ∃)
by

Kp : (L,∀, ∃) × (L,∀,∃) −→ (L,∀,∃),

Kp(a, b) := K(fa, fb)(p),

for p ∈ X. Thus we get a family of similarities {Kp | p ∈ X} on a monadic MTL-
algebra (L,∀, ∃).

Proposition 3.12. Let (L,∀,∃, S) be a similarity monadic MTL-algebra. Then the
following statements are equivalent:

(1) S(p, 1) = p,
(2) S(p, q) = p ↔ q,

for all p, q ∈ L.

Proof. (1) ⇒ (2) If S(p, q) = p ↔ q, then S(p, 1) = p.
(2) ⇒ (1) By (S1) and (S5), we have

p ↔ q = S(p ↔ q, 1) ≤ S(p, q) ↔ S(q, q) = S(p, q) ↔ 1 = S(p, q).

On the other hand by (S2) and (S4), we have S(p, q) ≤ p ↔ q.
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4 Representations of similarity monadic MTL-algebras
In this section, we introduce similarity monadic filter of similarity monadic MTL-

algebras and give some characterizations of representable similarity monadic MTL-
algebras by them.

Definition 4.1. Let (L,∀, ∃, S) be a similarity monadic MTL-algebra. Then F is
called a similarity monadic filter of (L,∀, ∃, S) if F is a monadic filter of (L,∀,∃)
and

S(∀p,∀q) ∈ F whenever p, q ∈ F .

A similarity monadic filter is called prime if p → q ∈ F or q → p ∈ F , for all
p, q ∈ L.
It is noted that the filter F of L is called a similarity filter of a similarity MTL-
algebra if F such that x, y ∈ F , then S(x, y) ∈ F , for all x, y ∈ F .

Example 4.2. In Example 3.6, F = {1} is a similarity monadic filter of (L,∀, ∃, I).
However, F is not a similarity monadic prime filter. If we taking G = {h,m, n, 1},
then G is a similarity monadic prime filter of (L,∀, ∃, S).

Proposition 4.3. Let (L,∀,∃, S) be a similarity monadic MTL-algebra and F be a
similarity monadic filter of (L,∀,∃, S). Then the following statements are equivalent:

(i) F is a similarity monadic filter of (L,∀, ∃, S),
(ii) S(∀p, 1) ∈ F , for all p ∈ F .

Proof. By (S3), we have S(∀p, 1)⊗S(∀q, 1) ≤ S(∀p,∀q). So F is a similarity monadic
filter if and only if S(∀p, 1) ∈ F , whenever p ∈ F .

Proposition 4.4. Let (L,∀,∃, S) be a similarity monadic MTL-algebra and F be
a similarity monadic filter of (L,∀,∃, S). Then ≡F is a congruence on a similarity
monadic MTL-algebra (L,∀,∃, S).

Proof. Let p1, p2, q1, q2 ∈ L be such that p1 ≡F p2 and q1 ≡F q2. Then p1 ↔ p2 ∈
F, q1 ↔ q2 ∈ F . Since F is a similarity monadic filter, we have S(∀(p1 ↔ p2), 1) ∈ F
and S(∀(q1 ↔ q2), 1) ∈ F . Using (S2), (S3) and the definition of monadic filter, we
have

S(∀(p1 ↔ p2), 1) ⊗ S(∀(q1 ↔ q2), 1) ≤ S(∀(p1 ↔ p2), ∀(q1 ↔ q2)) ∈ F .

So by (S5), we have ∀(p1 ↔ q1) ↔ ∀(p2 ↔ q2) ∈ F . Thus (p1 ↔ q1) ≡F (p2 ↔
q2).
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Proposition 4.5. Let (L,∀,∃, S) be a similarity monadic MTL-algebra and F ⊆
L be a similarity monadic filter of (L,∀,∃, S). Then (L/ ≡F ,∀F , ∃F ) is also a
similarity monadic MTL-algebra.

Proof. We define

SF : L/ ≡F × L/ ≡F −→ L/ ≡F ,
SF ([p]F , [q]F ) := [S(p, q)]F ,

∀F : L/ ≡F −→ L/ ≡F ,
∀F ([p]F ) := [∀p]F ,

∃F : L/ ≡F −→ L/ ≡F ,
∃F ([p]F ) := [∃p]F

for all p, q ∈ L.
(S1) SF ([p]F , [q]F ) = [S(p, p)]F = [1]F ,
(S2) SF ([p]F , [q]F ) = [S(p, q)]F = [S(q, p)]F = SF ([q]F , [p]F ),
(S3) SF ([p]F , [q]F ) ⊗ SF ([q]F , [r]F ) = [S(p, q) ⊗ S(q, r)]F ≤ [S(p, r)]F =

SF ([p]F , [r]F ),
(S4) [p]F ⊗ SF ([p]F , [q]F ) = [p]F ⊗ [S(p, q)]F ≤ [q]F ,
(S5) SF ([p]F ↔ [q]F , 1) = [S(p ↔ q, 1)]F ≤ [S(p, r)]F ↔ [S(q, r)]F =

SF ([p]F , [r]F ) ↔ SF ([q]F , [r]F ),
(S6) ∀FSF ([p]F , [q]F ) = ∀F [S(p, q)]F ≤ [S(∀p,∀q)]F = SF (∀F [p]F ,∀F [q]F ),
(S7) ∃FSF ([p]F , [q]F ) = ∃[S(p, q)]F ≤ [S(∃p,∃q)]F = SF (∃F [p]F , ∃F [q]F ).

Definition 4.6. A similarity monadic MTL-algebra is called representable if it is
a subdirect product of linearly ordered similarity monadic MTL-algebras.

Theorem 4.7. Let (L,∀, ∃, S) be a similarity monadic MTL-algebra. Then the
following statements are equivalent:

(i) (L,∀,∃, S) is representable,
(ii) S(∀(p → q), 1) ∪ ∀(q → p) = 1, for all p, q ∈ L,
(iii) p ∪ q = 1 implies ∀p ∪ S(∀q, 1) = 1, for all p, q ∈ L,
(iv) any minimal monadic prime filter is a similarity monadic filter of (L,∀,∃, S).

Proof. (i) ⇒ (ii) In any linearly ordered similarity monadic MTL-algebra, we have

S(∀p → ∀q) ∪ (∀q → ∀p) = 1.

(ii) ⇒ (iii) If p∪ q = 1, then by Proposition 2.2 (1), we have p → q = q, q → p = p.
Using (ii), ∀p ∪ S(∀q, 1) = 1.
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(iii) ⇒ (iv) If F ⊆ L is a minimal monadic prime filter of (L,∀,∃) and p ∈ F ,
then there exists r ∈ L such that ∀p ∩ ∀r = 1 and r /∈ F . By (iii), we have
S(∀p, 1) ∪ ∀r = 1 ∈ F . Since r /∈ F and F is monadic prime filter, S(∀p, 1) ∈ F .

(iv) ⇒ (i) Let (L,∀, ∃, S) be a similarity monadic MTL-algebra and Λ be a set
of all the minimal monadic prime filter of (L,∀, ∃). Clearly, L is a subdirect product
of family of the {L/ ≡F : F ∈ Λ}. Let φ : L −→ ∏

F ∈I L/ ≡F be the subdirect
product. By (iv), any F ∈ I is a similarity monadic filter of (L,∀,∃, S), hence by
Proposition 4.5, we have (L/ ≡F ,∀F , ∃F , SF ) is a similarity monadic MTL-algebra.
It is clear that φ is a representation of (L,∀, ∃, S) as a subdirect product of the
family (L/ ≡F ,∀F , ∃F , SF ).

5 The logic of similarity monadic MTL-algebras
Hájek proved in [20] that monadic predicate basic logic mBL∀ is equivalent to

S5-like modal fuzzy logic S5(BL), which is a logic BL together with the following
axioms (ν is a propositional combination of formulas beginning by □ and ♢)

(□1) □φ ⇒ φ,
(♢1) φ ⇒ ♢φ,
(□2) □(ν ⇒ φ) ⇒ (ν ⇒ □φ),
(♢2) □(φ ⇒ ν) ⇒ (♢φ ⇒ ν),
(□3) □(ν ⊔ φ) ⇒ (ν ⊔□φ),
(♢3) ♢(φ&φ) ≡ ♢φ&♢φ,

closed under Modus Ponens MP: φ, φ ⇒ ψ ⊢ ψ and Necessitation Rule Nec :
φ/□φ. Subsequently, Castaño et. al introduced monadic BL-algebras and proved
that are the equivalent algebraic semantics of the logic mBL∀ (and S5(BL)) [4].

As a consequence of the algebraization of S5(BL) by monadic BL-algebras,
Castaño et. al also gave a simplified set of axioms for this calculus, which is the
propositional case for the axiomatization of S5(BL). Here they defined a calculus
S5′(BL) whose axiom schemata are the ones for BL together with the following
axiom schemata:

(M1) □φ ⇒ φ,
(M2) φ ⇒ ♢φ,
(M3) □(□φ ⇒ ψ) ⇒ (□φ ⇒ □ψ),
(M4) □(φ ⇒ □ψ) ⇒ (♢φ ⇒ □ψ),
(M5) □(□φ ⊔ ψ) ⇒ (□φ ⊔□ψ),
(M6) ♢(φ&φ) ≡ ♢φ&♢φ

and closed under MP: φ, φ ⇒ ψ ⊢ ψ and Nec : φ/□φ, and showed in [4] that
S5′(BL) is sound and complete with respect to the variety of monadic BL-algebras.
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It is worth noticing that monadic BL-algebra and monadic MTL-algebra have the
same axioms by Theorem 2.8. So, we can analogously define the modal fuzzy logic
S5(MTL) as the logic MTL together with the axioms (□1), (□2), (□3), (♢1),(♢2),
(♢3), and their corresponding modal fuzzy propositional logic S5′(MTL), which is
the logic MTL together with the axioms (M1), (M2), (M3), (M4), (M5) and (M6).
Along the same line as that in [20] (see [12], Theorem 6) and [19] (see [11], Remark
8.3.16), we can also prove that the modal fuzzy logic S5(MTL) is equivalent to
monadic predicate monoidal t-norm based logic mMTL∀.

In this section, adapting for the propositional case the axiomatization of similar-
ity monadic MTL-algebras, we introduce the logic SMMTL and show that is sound
and complete with respect to the variety of similarity monadic MTL-algebras.

The language of SMMTL consists of countably many proposition variables
(v1, v2, ...), the constant 0̄, the unary operators□, ♢, the binary operators ⊔,⊓,&,⇒,
a binary logic connective ⇔, the auxiliary symbol ′(′and′)′.

Formulas are defined inductively : 0̄ is a formula; if φ and ψ are formulas, then
so are (φ⊓ψ), (φ⊔ψ), (φ&ψ), (φ ⇒ ψ), (φ ⇔ ψ), (2φ) and (3φ). And we state
that:

φ ↔ ψ := (φ ⇒ ψ) ⊓ (ψ ⇒ φ).

In order to avoid unnecessary brackets, we agree on the following priority rules:
- unary operators always take precedence over binary ones, while,
- among the binary operators, & has the highest priority; furthermore ⊔ and ⊓

take precedence over ⇒,
- the outermost brackets are not write.

The axiom of SMMTL are defined as follows:
(I). Any axioms of S5′MTL is an axiom of SMMTL
(II). A formula which has one of the following forms is an axiom (where φ and

ψ are arbitrary formulas):
(s1) φ ⇔ φ,
(s2) (φ ⇔ ψ) ⇒ (ψ ⇔ φ),
(s3) (φ ⇔ ψ) ⇒ ((ψ ⇔ ϕ) ⇒ (φ ⇔ ϕ)),
(s4) (φ ⇔ ψ) ⇒ (φ ⇒ ψ),
(s5) ((φ ↔ ψ) ⇔ (φ ⇒ φ)) ⇒ ((φ ⇔ ϕ) ↔ (ψ ⇔ ϕ)),
(s6) 2(φ ⇔ ψ) ⇒ (2φ ⇔ 2ψ),
(s7) 3(φ ⇔ ψ) ⇒ (3φ ⇔ 3ψ).

The deduction rules of SMMTL are:
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• Modus Ponens (MP, φ and φ ⇒ ψ infer ψ),
• Generalization (G, from φ infer 2φ),
• Similarity (S, from φ,ψ infer φ ⇔ ψ).
The consequence relation ⊢ is define as follows, in the usual way. Let V be a

theory (a set of formulas in SMMTL). A proof of a formula φ in V is a finite
sequence of formulas with φ at its end, such that every formulas in the sequence is
either an axiom of SMMTL, a formula of V , or the result of an application of an
inference rule to previous formulas in the sequence. If a proof for φ exists in V, we
say that can be deduced from V and we denote this by V ⊢ φ.

Remark 5.1. The proposition calculus SMMTL is an extension of MTL. Let
V be a theory in MTL and φ be a formula of MTL such that V ⊢MTL φ. Then
V ⊢SMMTL φ, since any V -proof in MTL is a V -proof in SMMTL. Conversely,
VMTL ⊆ VSMMTL. Also, every theorem of MTL is a theorem of SMMTL.

Definition 5.2. Let (L,∀,∃, S) be a similarity monadic MTL-algebra and V be
a theory. An (L,∀,∃, S)-evaluation is a mapping e from the set of formulas of
SMMTL to (L,∀, ∃, S) that satisfies, for each two formulas φ and ψ:

(1) e(φ) ⊓ e(ψ) = e(φ) ∩ e(ψ),
(2) e(φ) ⊔ e(ψ) = e(φ) ∪ e(ψ),
(3) e(φ&ψ) = e(φ) ⊗ e(ϕ),
(4) e(φ ⇒ ψ) = e(φ) → e(ψ),
(5) e(□φ) = ∀e(φ),
(6) e(♢φ) = ∃e(φ),
(7) e(0̄) = 0.

A (L,∀, ∃, S)-evaluation e satisfies e(ϕ) = 1, for every ϕ in V , it is called a
(L,∀,∃, S)-model for V .

SMMTL is sound with respect to the variety of similarity monadic MTL-
algebras, this is that if a formula φ can be deduced from a theory V in SMMTL,
then for every similarity monadic MTL-algebra (L,∀, ∃, S) and for every (L,∀,∃, S)-
model e of V , e(φ) = 1. Clearly, we need to verify the soundness of the new axioms
and deduction rules of SMMTL (for the axioms and rules of MTL, the proofs (in
MTL) can be copied). The fact that φ is a V -tautology with respect to a simi-
larity monadic MTL-algebra (L,∀, ∃, S) will be denoted by V |=(L,∀,∃,S) φ. If V is
empty, a ∅-tautology with respect to a similarity monadic MTL-algebra (L,∀,∃, S)
will be simply called a tautology with respect to (L,∀,∃, S) and the fact that φ is a
tautology with respect to (L,∀, ∃, S) will be denoted by |=(L,∀,∃,S) φ. And

|=(L,∀,∃,S) φ if and only if e(φ) = 1, for all (L,∀, ∃, S)-evaluation
e : V −→ (L,∀,∃, S).
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Let φ and ψ be formulas, we define

φ ≡V ψ if and only if V ⊢SMTL φ ⇒ ψ and V ⊢MTL ψ ⇒ φ.

It is straightforward that the relation ≡V is an equivalence relation. For any
formula φ we will denote by [φ]V the equivalence class of φ with respect to ≡V . The
set FormSMMTL/ ≡V = { [φ]V | φ ∈ FormSMMTL} is the quotient of FormSMMTL
with respect to ≡V , where FormSMMTL is the set of all formulas SMMTL, we define
the following operations:

[φ]V ∩ [ψ]V := [φ ⊓ ψ]V ,
[φ]V ∪ [ψ]V := [φ ⊔ ψ]V ,
[φ]V ⊗ [ψ]V := [φ&ψ]V ,

[φ]V → [ψ]V := [φ ⇒ ψ]V ,
∀[φ]V := [□φ]V ,
∃[φ]V := [♢φ]V ,

1V := TheorSMMTL(V ),
0V := ¬1V ,

S([φ]V , [ψ]V ) := [φ ⇔ ψ]V ,

Proposition 5.3. The following instances are realized from deduction rules of SMMTL:
(a) V ⊢ (φ ⇔ χ) ↔ (ψ ⇔ χ) if V ⊢ φ ↔ ψ,
(b) V ⊢ (ψ ⇔ χ) ⇒ (φ ⇒ χ) if V ⊢ φ ⇒ ψ,
(c) V ⊢ (χ ⇔ φ) ⇒ (χ ⇒ ψ) if V ⊢ φ ⇒ ψ,
(d) V ⊢ (ψ ⇔ ϕ) ⇒ ((φ ⇔ χ) ⇒ ϕ) if V ⊢ φ and V ⊢ χ ⇒ ψ.

Proof. (a) Let V ⊢ (φ ↔ ψ). Then V ⊢ (φ ⇒ ψ). By S, we have V ⊢ (φ ⇔ χ) ↔
(ψ ⇒ χ), further by (s5) and MP, V ⊢ (φ ⇔ χ) ↔ (ψ ⇔ χ).

(b) If V ⊢ φ ⇒ ψ, then by (s4), we have ⊢ (ψ ⇔ χ) ⇒ (ψ ⇒ χ). Then we
have ⊢ (ψ ⇒ χ) ⇒ ((φ ⇒ ψ) ⇒ (φ ⇒ χ)) and by the axioms of MTL and MP,
⊢ (ψ ⇔ χ) ⇒ ((φ ⇒ ψ) ⇒ (φ ⇒ χ)). So ⊢ (φ ⇒ ψ) ⇒ ((ψ ⇔ χ) ⇒ (φ ⇒ χ)). By
hypothesis, V ⊢ (ψ ⇔ χ) ⇒ (φ ⇒ χ).

(c) Let V ⊢ φ ⇒ ψ, then by (s4), we have ⊢ (χ ⇔ φ) ⇒ (χ ⇒ φ). Also
(χ ⇒ φ) ⇒ ((φ ⇒ ψ) ⇒ (χ ⇒ ψ)), so by the axioms of MTL and MP, ⊢ (χ ⇔
φ) ⇒ ((φ ⇒ ψ) ⇒ (χ ⇒ ψ)). So ⊢ (φ ⇒ ψ) ⇒ ((χ ⇔ φ) ⇒ (χ ⇒ ψ)). By
hypothesis, V ⊢ φ ⇒ ψ. Thus V ⊢ (χ ⇔ φ) ⇒ (χ ⇒ ψ) by MP.

(d) Let V ⊢⇒ ψ. Then by (c) we have V ⊢ (φ ⇒ χ) ⇒ (φ ⇒ ψ). Also,
V ⊢ φ ⇒ ((φ ⇒ χ) ⇒ ψ). V ⊢ (ψ ⇔ ϕ) ⇒ ((φ ⇔ χ) ⇒ ϕ) by (b). By hypothesis
and MP, V ⊢ (ψ ⇔ ϕ) ⇒ ((φ ⇔ χ) ⇒ ϕ).

Proposition 5.4. The algebraic structure SMTL(V) = (FormSSMTL/ ≡V ,∩,∪,⊗,
→, [0], [1], ∀, ∃, S) is a similarity monadic MTL-algebra.
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Proof. By the above results, SMTL(V) is a monadic MTL-algebra, it follows that
(FormSSMTL/ ≡V ,∩,∪,⊗,→, [0], [1],∀,∃) is a monadic MTL-algebra. By Proposi-
tion 5.3 (a) the binary operation S is well defined. By Proposition 4.5, we have that
S is a similarity on Form FormSSMTL/ ≡V .

Theorem 5.5. (Soundness and completeness of SMMTL) A formula φ can be
deduced from a thery V in SMMTL if and only if for every similarity monadic
MTL-algebra (L,∀,∃, S) and for every (L,∀,∃, S)-model e of V , e(φ) = 1.

Proof. Let φ1, φ2, ..., φn be a V -proof for φ in SMMTL, (L,∀, ∃, S) is a similarity
monadic MTL- algebra and e an (L,∀, ∃, S)-evaluation. We must prove that e(φi) =
1, for i ∈ [n]. Let φi be an axiom. It is clear that e(φi) = 1. If there are j, k < i
such that φk = φj → φi. By hypothesis, e(φk) = e(φj) = 1, so e(φi) = 1 →
e(φi) = e(φj → φi) = e(φk) = 1. If there are j, k < i such that φi is φj ⇔ φk, then
e(φj) = e(φk) = 1 so e(φi) = S(e(φj), e(φk)) = S(1, 1) = 1. Thus e(φ) = 1, for
i = n.

Conversely, by the fact that SMTL(V) is a a similarity monadic MTL-algebra,
it is clear that [φ]V = 1 in MTL(V). So φ deduced from V.

Proposition 5.6. SMMTL is conservative extensions of MTL this is if φ is an
formula of MTL and V is a theory of MTL, then the following statements are
equivalent:

(1) V ⊢MTL φ,
(2) V ⊢SSMTL φ.

Proof. (1) ⇒ (2) By Remark 5.1, the proof is clear.
(2) ⇒ (1) Let V ⊢SSMTL and V ⊬MTL. Then there exists a linearly ordered

monadic MTL-algebra (L,∀, ∃) and an (L,∀,∃)-evaluation e : FormMTL −→ A such
that e(V ) = 1 and e(φ) ̸= 1. It is clear that S : (L,∀, ∃)×(L,∀,∃) −→ (L,∀,∃) define
by S(x, y) := x ↔ y is a similarity on (L,∀, ∃). So we consider eS : FormSSMTL −→
(L,∀,∃) to be the unique (L,∀, ∃)-evaluation with eS(φ) = e(φ) ̸= 1, which is a
contradiction, by Theorem 5.5. Thus V ⊢MTL φ.

6 Conclusions
Motivated by the previous research of similarity MTL-algebras, we introduced

and investigated similarity monadic MTL-algebras. We also studied similarity monadic
filters and gave some characterizations of representable similarity monadic MTL-
algebras. Finally, we introduced the logic of similarity monadic MTL-algebras and
prove the completeness of them. Since the above topics are of current interest, we

297



Fu, Liu and Zhao

suggest further directions of research, focusing on the varieties of similarity monadic
MTL-algebras. In particular, one can investigate semisimple, locally finite, finitely
approximated and splitting varieties of similarity monadic MTL-algebras as well as
varieties with the disjunction and the existence properties.
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Abstract

The main purpose of this paper is to investigate the type of monadic bounded
L-algebras as L-algebras equipped with two monadic operators, named univer-
sal quantifier “∀” and existential quantifier “∃”, respectively. First, we investi-
gate the properties of pre-ideals on L-algebras and the pre-ideal generated by
a nonempty subset of an L-algebra is defined. Second, we investigate monadic
bounded L-algebras and monadic pre-ideals in monadic bounded L-algebras.
Moreover, the relation between monadic bounded L-algebras and monadic quan-
tum B-algebras is discussed. Finally, the relations among monadic self-similar
L-algebras and other monadic structures are discussed, such as monadic (left)
hoops, monadic Wajsberg hoops and monadic MV-algebras. Moreover, we ob-
tain a characterization of monadic bounded L-algebras and monadic bounded
self-similar L-algebras by relatively complete subalgebras and m-relatively com-
plete subalgebras, respectively. These results are important to the further study
of logical system with monadic operators.
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1 Introduction

As an algebraic logic, the notion of L-algebras arose in the theory of one-sided
lattice-ordered group and based upon the equation (x → y) → (x → z) = (y →
x) → (y → z) ([2, 11, 27, 15, 16]). On the other hand, L-algebra can be regarded
as a solution of quantum Yang-Baxter equation ([17, 18]). Further, it was proved
that for each L-algebra X there is a self-similar closure S(X). At the same time,
S(X) admits a left hoop ([15]). For each L-algebra X, we say it has a negation
if it has an element 0 such that there is a bijective mapping between x and x′,
where x′ = x → 0. Recently, it was also proved that each L-algebra that satisfies
x′ → y′ = y → x admits an MV-algebra ([31]), which indicates that L-algebras are
generalizations of MV-algberas. Since L-algebras have been combined with quantum
set ([21]), group theory ([22, 23, 24]), lattice theory ([25]) and other fields, the study
of them have attracted more attention of many scholars.

In 1962, Halmos proposed Monadic Boolean algebras ([10]). It consists of Boolea-
n algebras and the unary operation on it, where the unary operation is the alge-
braization of existential quantifier “∃”. Moreover, the algebraization of existential
quantifier “∃” and universal quantifier “∀” have also been studied in other non-
classical logic ([13, 14]). From then on, monadic operators are introduced into
more logic algebras such as monadic MV-algebras ([8, 9]), monadic Wajsberg hoops
([4]), monadic bounded hoops ([28]), monadic classes of quantum B-algebras ([6]),
monadic involutive pseudo-BCK algebras ([12]) and monadic pseudo BCI-algebras
([32]) etc.([29, 30]). Accordingly, many good structures and properties have been
obtained. As we all known, it has been turned out that L-algebras are structurally
related to various algebras we mentioned above. We have known that although they
are essentially different algebras, they are all particular types of L-algebras. As we
said before, L-algebras are also logic algebras, so it is necessary to investigate their
logical system. But the important work for monadic L-algebra is further to study
the logical system with monadic operators. Above all, it is meaningful to extend
universal quantifiers “∀” and existential quantifiers “∃” to L-algebras and to investi-
gate the relationship between monadic L-algebras and other monadic algebras. This
is the aim of our research on monadic L-algebras.

This paper is organized as follows: In Section 2, several fundamental definitions
and properties of L-algebras used in this paper are recalled. In Section 3, the prop-
erties of pre-ideal on L-algebras and the pre-ideal generated by a nonempty subset
in an L-algebra are investigated. In Section 4, we investigate monadic bounded
L-algebra. Moreover, the relationship between monadic bounded L-algebras and
monadic quantum B-algebras is discussed. In Section 5, we characterize monadic
simple bounded L-algebras and study MPI(L) from the point of their algebraic
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structures. In Section 6, the relations among monadic self-similar L-algebras and
other monadic structures are discussed, such as monadic (left) hoops, monadic Wa-
jsberg hoops and monadic MV-algebras. Moreover, we obtain a characterization of
monadic bounded L-algebras and monadic bounded self-similar L-algebras by rela-
tively complete subalgebras and m-relatively complete subalgebras, respectively.

2 Preliminaries
Some fundamental definitions and properties regarding L-algebras used in this

paper are recalled in this section.

Definition 1. ([15]) Given an algebra (L,→, 1) of type (2, 0), we call it L-algebra
if for any x, y, z ∈ L, the statements as follows are satisfied,
(l1) 1 → x = x, x → x = x → 1 = 1,
(l2) (y → x) → (y → z) = (x → y) → (x → z),
(l3) x → y = y → x = 1 implies x = y.

We call (L,→) a cycloid if it satisfies (l2). From (l1), we call 1 logical unit of
L in terms of →. Thus, the entailment relation is defined as x ≤ y ⇔ x → y = 1.
Obviously, ≤ is a partial order relation on L.

Definition 2. ([15]) Given an L-algebra (L,→, 1), we call it KL-algebra if for any
x, y ∈ L,

x → (y → x) = 1 (K).

Definition 3. ([15]) Given an L-algebra (L,→, 1), I ⊂ L is called an ideal if for
any x, y ∈ L, the statements as follows are satisfied,
(I1) 1 ∈ I,
(I2) x, x → y ∈ I ⇒ y ∈ I,
(I3) x ∈ I ⇒ (x → y) → y ∈ I,
(I4) x ∈ I ⇒ y → x, y → (x → y) ∈ I.

From reference [7], we notice that if L satisfies x ≤ y → x, then the axiom (I4)
is redundant. If L satisfies x → (y → z) = y → (x → z), then the axioms (I3) and
(I4) are redundant.

Proposition 1. ([15]) Given an L-algebra (L,→, 1). Then for any x, y, z ∈ L,

y ≤ z ⇒ x → y ≤ x → z,

which implies x = y ⇔ x → z = y → z. Furthermore,
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L satisfies (K) ⇔ x ≤ y implies y → z ≤ x → z.

Definition 4. ([5]) Given an L-algebra (L,→, 1), we call it CL-algebra if it satisfies
the exchange rule as follows, for all x, y, z ∈ L,

x → (y → z) = y → (x → z) (exchange rule).

Remark 1. We notice that exchange rule implies (K) by taking z := x.

Definition 5. ([15]) Given an L-algebra (X,→, 1), we call it self-similar if for any
x ∈ X, there exists a bijection from downset ↓ x := {z ∈ X | z ≤ x} onto X given
by z 7→ (x → z).
We define a morphism f : X → Y between L-algebras X,Y to be a map which
satisfies f(1) = 1 and f(x · y) = f(x) · f(y) for all x, y ∈ X. If f is an inclusion
X ↪→ Y , we call X an L-subalgebra of Y . In case Y is a self-similar L-algebra with
an L-subalgebra X which generates Y as a monoid, we call Y a self-similar closure
of X.

Thus each ↓ x is in bijection with all of X. That is, there exists an inverse
bijectionX 7→↓ x given by y 7→ y·x, which gives an everywhere defined multiplication
on X that satisfies x → y · x = y, for all x, y ∈ X.

Proposition 2. ([26]) A monoid (X, ·,→, 1) is a self-similar L-algebra iff for any
x, y, z ∈ X, the statements as follows are satisfied,
(1) x → y · x = y,
(2) x · y → z = x → (y → z),
(3) (x → y) · x = (y → x) · y.

Statement (3) of Proposition 2 makes X into a ∧−semilattice with x∧y := (x →
y) · x.

Proposition 3. ([15]) Given a KL-algebra X, then S(X) is commutative iff X sat-
isfies

(x → y) → y = (y → x) → x (C).

Definition 6. ([15]) A left hoop is an algebra ⟨H; ·,→, 1⟩ s.t. ⟨H; ·, 1⟩ is a monoid
and the following statements hold, for any x, y, z ∈ H,
(1) x → x = 1,
(2) x · y → z = x → (y → z),
(3) (x → y) · x = (y → x) · y.

If the binary operation · is commutative, then H is called hoop. A hoop H is
called Wajsberg hoop if it satisfied (C)([4]). H is bounded if it has a bottom element
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0 with respect to the order ” ≤ ”, which is defined by x ≤ y ⇔ x → y = 1. And the
same as Wejsberg hoop.

Definition 7. ([3]) Given an algebra ⟨A; ⊕,⊙, ∗, 0, 1⟩ of type (2, 2, 2, 0, 0), where
⟨A; ⊕, 0⟩ is a commutative monoid, we call it an MV-algebra if the following state-
ments hold, for any x, y ∈ A,
(MV1) x⊕ 1 = 1,
(MV2) x∗∗ = x,
(MV3) 0∗ = 1,
(MV4) (x∗ ⊕ y)∗ ⊕ y = (x⊕ y∗)∗ ⊕ x,
(MV5) x⊙ y = (x∗ ⊕ y∗)∗.

Proposition 4. ([4]) Every Wajsberg algebra is equivalent to an MV-algebra.

Definition 8. ([20]) A quantum B-algebra is a partially ordered set (X,≤) with two
binary operations → and ⇝ satisfying the following axioms, for all x, y, z ∈ X,
(QB1) y → z ≤ (x → y) → (x → z),
(QB2) y ⇝ z ≤ (x⇝ y) → (x⇝ z),
(QB3) y ≤ z ⇒ x → y ≤ x → z,
(QB4) x ≤ y → z ⇔ y ≤ x⇝ z.

We denote it as (X,≤,→,⇝). If for all x, y ∈ X, the equation x → y = x ⇝ y
holds, we call (X,≤,→,⇝) commutative. We call X bounded if it has a bottom
element 0 and in such case, X also admits a largest element 1.

Definition 9. ([19, 20]) A commutative quantum B-algebra (X,≤,→) is called in-
tegral if there exists u ∈ X such that the following hold for all x ∈ X:
(1) u → x = x,
(2) x → u = u.

Proposition 5. ([5]) Every CL-algebra is a commutative integral quantum B-
algebra.

3 The pre-ideals of L-algebras
Definition 10. Given an L-algebra (L,→, 1), I ⊂ L is called a pre-ideal if for any
x, y ∈ L, the statements as follows are satisfied:
(PI1) 1 ∈ I,
(PI2) x, x → y ∈ I ⇒ y ∈ I.

We denote the collection of all pre-ideals of L as PI(L).
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Remark 2. (1) We notice that if I, J ∈ PI(L), then I ∩ J ∈ PI(L). Indeed, if
x, x → y ∈ I ∩ J , then y ∈ I and y ∈ J , that is y ∈ I ∩ J . Hence, I ∩ J ∈ PI(L). In
such case, we say I ∧ J = I ∩ J .
(2) From Definition 3, we note that if L satisfies exchange rule, then the definition
of pre-ideal on L-algebras is the same as the definition of ideal on CL-algebras that
introduced in reference [7].

Example 1. Given an algebra L = {x1, x2, 1}, where x1, x2 ≤ 1, x1 and x2 are
incomparable, the implication on L is defined as follows,

→ x1 x2 1
x1 1 x2 1
x2 x1 1 1
1 x1 x2 1

Then (L,→, 1) is an L-algebra. We can check that all of the pre-ideals in L are {1},
{x1, 1}, {x2, 1} and {x1, x2, 1}.

Example 2. Consider L = [0, 1] and the implication on L is defined as x → y = 1,
if x ≤ y; x → y = y, others. Thus (L,→, 1) is an L-algebra. Put I = (a, 1], where
a ≥ 0. Then one can check that I is a pre-ideal of L.

Definition 11. Given an L-algebra (L,→, 1), a pre-ideal I is called proper if I ̸= L.
A proper pre-ideal I is said to be prime, if for any I1, I2 ∈ PI(L) and I1 ∩ I2 ⊆ I,
then I1 ⊆ I or I2 ⊆ I.

Example 3. In Example 1, the pre-ideals {x1, 1} and {x2, 1} are prime.

Definition 12. Given an L-algebra (L,→, 1), a proper pre-ideal is called maximal
if it is not strictly contained in any other proper pre-ideal of L.

Example 4. In Example 1, the maximal pre-ideals of L are {x1, 1} and {x2, 1}.

Proposition 6. Given an L-algebra (L,→, 1), I ∈ PI(L). For any x, y ∈ I, z ∈ L,
if x ≤ y → z, then z ∈ I.

Proof. By Definition 10, it is immediate. 2

Suppose that ∅ ≠ X ⊆ L, then the smallest pre-ideal of L which contains X,
i.e. ∩{I ∈ PI(L) : X ⊆ I} is said to be a pre-ideal of L generated by X, which
is denoted by ⟨X⟩. To give a characterization of ⟨X⟩, we propose the following
proposition.
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Proposition 7. Given a KL-algebra (L,→, 1), then x → z ≤ (y → x) → (y → z)
holds for all x, y, z ∈ L.

Proof. By (l2) and (K), it is immediate. 2

Theorem 1. Given a KL-algebra (L,→, 1), ϕ ̸= X ⊆ L. Then

< X >= {a ∈ L | x1 → (x2 → (x3 → ...(xn → a)...)) = 1, for some xi ∈ X and n ≥ 1}.

Proof. Put M = {a ∈ L | x1 → (x2 → (x3 → ...(xn → a)...)) = 1, for some xi ∈
X and n ≥ 1}. It is clear that X ⊆ M . Next we will show that M is a pre-ideal of L.
Obviously, 1 ∈ M . Now let a, a → b ∈ M . Then there exist x1, x2, ..., xn, x

′
1, x

′
2, ...,

x
′
m ∈ X, where n,m ≥ 1, s.t.

x1 → (x2 → (x3 → ...(xn → a)...)) = 1

and
x

′
1 → (x′

2 → (x′
3 → ...(x′

m → (a → b))...)) = 1.

Hence by Proposition 7, we have

a → b ≤ (xn → a) → (xn → b) ≤ (xn−1 → (xn → a)) → (xn−1 → (xn → b)).

By repeating this way, we can get

a → b ≤ (x1 → (x2 → ...(xn → a)...)) → (x1 → (x2 → ...(xn → b)...)).

Then by Proposition 1, we have

a → b = 1 → (x1 → (x2 → ...(xn → b)...)) ≤ x0 → (x1 → (x2 → ...(xn → b)...)),

where x0 ∈ X. Hence x′
m → (a → b) ≤ x

′
m → (x1 → (x2 → ...(xn → b)...)).

Further, we can obtain
x

′
1 → (x′

2 → (x′
m → (a → b))...) ≤ x

′
1 → (x′

2 → ...(x′
m → (x0 → (x1 → ...(xn →

b)...)))...). Then

x
′
1 → (x′

2 → ...(x′
m → (x0 → (x1 → ...(xn → b)...)))...) = 1,

which implies b ∈ M . Therefore, M ∈ PI(L). Let I ∈ PI(L), X ⊆ I and a ∈ M .
Then for some xi ∈ X and n ≥ 1,

x1 → (x2 → (x3 → ...(xn → a)...))) = 1.
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Since 1, x1, x2, ..., xn ∈ I, then a ∈ I. Therefore, M is the smallest pre-ideal that
contains X, i.e. M = ⟨X⟩. 2

Example 5. In Example 1, we can check that {x1, x2, 1} is a KL-algebra. Take
X = {x1, x2} ⊆ X, then Theorem 1 yields ⟨X⟩ = {x1, x2, 1}.

In Theorem 1, we write x → (x → ...(x → a)...) as x n↠ a and x
n↠ a =

x → (x n−1↠ a) for some n ≥ 1. If x ∈ L and X = {x}, we denote ⟨x⟩ as the
pre-ideal generated by {x} (⟨x⟩ is said principal). The following corollary gives a
characterization of principal pre-ideals.
Corollary 1. Given a KL-algebra (L,→, 1), for any x ∈ L,

⟨x⟩ = {a ∈ L | x n↠ a = 1, for some n ≥ 1}.

Proof. Obviously, b ∈ {a ∈ L | x n↠ a = 1, for some n ≥ 1} implies b ∈ ⟨x⟩.
Conversely, let b ∈ ⟨x⟩. Then by Theorem 1, for some x1 = x2 = ... = xm = x,m ≥
1, s.t. x

m↠ b = 1. Thus b ∈ {a ∈ L | x n↠ a = 1, for some n ≥ 1}. Therefore,
⟨x⟩ = {a ∈ L | x n↠ a = 1, for some n ≥ 1}. 2

In what follows, a characterization of a pre-ideal generated by two pre-ideals is
obtained in CL-algebras.
Theorem 2. Given a CL-algebra (L,→, 1), I1, I2 ∈ PI(L). Then

⟨I1 ∪ I2⟩ = {a ∈ L | i → (j → a) = 1, for some i ∈ I1, j ∈ I2}.

Proof. Obviously, b ∈ {a ∈ L | i → (j → a) = 1, for some i ∈ I1, j ∈ I2} implies
b ∈ ⟨I1 ∪ I2⟩. Conversely, let b ∈ ⟨I1 ∪ I2⟩. Then by Theorem 1, for some
i1, i2, · · · , im ∈ I1(m ≥ 1) and j1, j2, · · · , jn ∈ I2(n ≥ 1), s.t. i1 → (i2 → · · · (im →
(j1 → (j2 → · · · (jn → b) · · · ))) · · · ) = 1. Since i1, i2, · · · , im ∈ I1(m ≥ 1) and
I1 ∈ PI(L), we have j1 → (j2 → · · · (jn → b) · · · ) ∈ I1. So there exists i ∈ I1
s.t. i → (j1 → (j2 → · · · (jn → b) · · · ) · · · ) = 1. By exchange rule, we obtain
j1 → (j2 → · · · (jn → (i → b) · · · )) = 1. Again since I2 ∈ PI(L), we can get
j → (i → b) = 1 for some i ∈ I1, j ∈ I2. Therefore, b ∈ {a ∈ L | i → (j → a) =
1, for some i ∈ I1, j ∈ I2}. 2

Corollary 2. Given a CL-algebra (L,→, 1), x ∈ L and I ∈ PI(L). Then

⟨I ∪ {x}⟩ = {a ∈ L | i → (x n↠ a) = 1, for some i ∈ I and n ≥ 1}.

Proof. From Theorem 2, it is obvious. 2
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4 Monadic bounded L-algebras
The concept of monadic bounded L-algebra is given and several relevant prop-

erties of it are investigated in this section. Moreover, using these properties, we
give a characterization of L-subalgebra. Finally, we discuss the relationship between
monadic bounded L-algebras and monadic quantum B-algebras.

Definition 13. We say an L-algebra (L,→, 1) is bounded if there exists an element
0 ∈ L, s.t. 0 ≤ x for all x ∈ L.

Definition 14. Given a bounded L-algebra (L,→, 0, 1), then (L,→, 0, 1,∃,∀)
((L,∃, ∀) for short) of type (2, 0, 0, 1, 1) is called a monadic bounded L-algebra
(MBL-algebra for short) if for all x, y ∈ L, the axioms as follows are satisfied,
( MBL1) x → ∃x = 1,
( MBL2) ∀x → x = 1,
( MBL3) ∀(x → ∃y) = ∃x → ∃y,
( MBL4) ∀(∃x → y) = ∃x → ∀y,
( MBL5) ∃∀x = ∀x.

In Definition 14, we call unary operators ∃ : L −→ L existential quantifier and
∀ : L −→ L universal quantifier, respectively. Moreover, from (MBL1) and (MBL2)
we can get that ∃ is an enlarge operation while ∀ is a reduce operation.

Example 6. Let L = {0, x1, x2, x3, 1}, where 0 ≤ x1 ≤ x2, x3 ≤ 1, x2 and x3 are
incomparable. The implication on L is defined as follows,

→ 0 x1 x2 x3 1
0 1 1 1 1 1
x1 0 1 1 1 1
x2 0 x3 1 x3 1
x3 0 x2 x2 1 1
1 0 x1 x2 x3 1

Then (L,→, 0, 1) is a bounded L-algebra. Define ∃ and ∀ as ∃0 = 0, ∃x1 =
∃x3 = x3, ∃1 = ∃x2 = 1; ∀0 = ∀x1 = ∀x2 = 0, ∀x3 = x3, ∀1 = 1. Then the axioms
(MBL1)-(MBL5) are satisfied, which implies (L,∃,∀) is an MBL-algebra.

Example 7. Consider the bounded L-algebra in Example 2. For any x ∈ L, we
define ∀ and ∃ as follows,
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∀x =
{

1, x = 1
0, x ̸= 1

, ∃x =
{

0, x = 0
1, x ̸= 0

.

Then the axioms (MBL1)-(MBL5) are satisfied, which implies (L,∃,∀) is an
MBL-algebra.

Now, we give some properties of operators ∃ and ∀ on monadic bounded L-
algebras.
Proposition 8. Given an MBL-algebra (L,∃,∀), then for any x, y ∈ L, the state-
ments as follows are satisfied,
(1) ∀0 = ∃0 = 0, ∀1 = ∃1 = 1,
(2) ∀∃x = ∃x,
(3) ∃∃x = ∃x,
(4) ∀∀x = ∀x,
(5) ∀(∃x → ∃y) = ∃x → ∃y,
(6) ∃(∃x → y) ≤ ∃x → ∃y,
(7) ∀(∀x → y) = ∀x → ∀y,
(8) ∀x = x ⇔ ∃x = x,
(9) ∀(∀x → ∃y) = ∀x → ∃y,
(10) ∀(x → ∀y) = ∃x → ∀y,
(11) ∀(∀x → ∀y) = ∀x → ∀y,
(12) ∃(∃x → ∃y) = ∃x → ∃y,
(13) ∃(∀x → ∀y) = ∀x → ∀y,
(14) x ≤ y ⇒ ∀x ≤ ∀y, ∃x ≤ ∃y,
(15) x ≤ ∃y ⇔ ∃x ≤ ∃y, ∀x ≤ y ⇔ ∀x ≤ ∀y,
(16) if L satisfies (K), then ∀(x → y) ≤ ∀x → ∀y,
(17) ∀(x → y) ≤ ∃x → ∃y,
(18) if L satisfies (K), then ∀((x → ∀y) → ∀y) = (∀x → ∀y) → ∀y,
(19) if L satisfies (K), then ∀((x → ∀y) → x) = (∀x → ∀y) → ∀x.
Proof. In here, the proof of statements (1)-(17) are similar to the proof of Proposition
3.5 in ([28]), so we just give the proof of statements (18) and (19).
(18) Assume the L-algebra satisfies (K). On the one hand, by (10), Proposition 1
and (13), we have ∀((x → ∀y) → ∀y) = ∃(x → ∀y) → ∀y ≥ ∃(∀x → ∀y) → ∀y =
(∀x → ∀y) → ∀y. On the other hand, by similar way, we have ∀((x → ∀y) → ∀y) =
∃(x → ∀y) → ∀y ≤ ∀(x → ∀y) → ∀y ≤ (∀x → ∀∀y) → ∀y = (∀x → ∀y) → ∀y.
Hence, ∀((x → ∀y) → ∀y) = (∀x → ∀y) → ∀y.
(19) It is verified by taking x := ∀y in statement (18). 2

In any bounded L-algebra L, 0 is the smallest element, then for any x ∈ L, it is
convenient to denote x′ = x → 0.
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Proposition 9. Given an MBL-algebra (L,∃,∀), then for any x, y ∈ L, the state-
ments as follows are satisfied,
(1) ∀x′ ≤ (∀x)′,
(2) (∀x)′ = ∀(∀x)′,
(3) (∃x)′ = ∃(∃x)′ = ∀x′,
(4) (∃x′)′ = ∀x.

Proof. (1) It is immediate by Proposition 8(16).
(2) By Proposition 8(1), (MBL5) and (MBL3), (∀x)′ = ∀x → ∃0 = ∃∀x → ∃0 =
∀(∀x → 0) = ∀(∀x)′.
(3) By Proposition 8(1) and (MBL3), (∃x)′ = ∃x → 0 = ∃x → ∃0 = ∀(x → ∃0) =
∀(x → 0) = ∀(x′). Further, by Proposition 8(1), 85(3), (MBL3) and (MBL5), we
have ∃(∃x)′ = ∃(∃x → ∃∃0) = ∃(∀(x → 0)) = ∃∀x′ = ∀x′. Therefore, (∃x)′ =
∃(∃x)′ = ∀(x′).
(4) By (MBL3) and Proposition 8(1), it is immediate. 2

Definition 15. ([1]) Let f : A → B and g : B → A are two order-preserving
mappings, where A and B are posets. We call the pair (f, g) a Galois connection
between A and B if fg ≥ idA and gf ≤ idB.

Proposition 10. Given an MBL-algebra (L,∃, ∀), then the pair (∃,∀) establishes
a Galois connection over (L,≤).

Proof. By Proposition 8(2) and (MBL5), ∀∃x = ∃x ≥ x = idL(x) and ∃∀x = ∀x ≤
x = idL(x) for all x ∈ L. Hence, (∃, ∀) establishes a Galois connection over L. 2

For each MBL-algebra (L,∃, ∀), we denote

L∃∀ = {x ∈ L|∃x = x} = {x ∈ L|∀x = x}.

Example 8. It is obvious that L∃∀ = {0, x3, 1} in Example 6.

The following proposition gives a characterization of L-subalgebra by L∃∀ and
some properties of L∃∀.

Proposition 11. Given an MBL-algebra (L,∃,∀). Then the following statements
hold,
(1) L∃∀ is a subalgebra of (L,→, 0, 1),
(2) ∀L = L∃∀ = ∃L,
(3) If L∃i∀i

= L∃j∀j
, then ∃i = ∃j and ∀i = ∀j (i ̸= j),

(4) If Im(∀i) = Im(∀j), then ∀i = ∀j (i ̸= j),
(5) If Im(∃i) = Im(∃j), then ∃i = ∃j (i ̸= j).
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Proof. (1) By Proposition 8(1), we know 0, 1 ∈ L∃∀ and so L∃∀ ̸= ∅. Now we only
need to prove that the operation → is closed for L∃∀. Assume x, y ∈ L∃∀. By
(MBL3), ∀(x → y) = ∀(x → ∃y) = ∃x → ∃y = x → y, which means x → y ∈ L∃∀.
(2) Assume y ∈ ∀L, then there exists x ∈ L s.t. y = ∀x. From Proposition 8(4),
∀y = ∀∀x = ∀x = y, that is y ∈ L∃∀. Conversely, if y ∈ L∃∀, then y = ∀y ∈ ∀L.
Therefore, L∃∀ = ∀L. Similarly, ∃L = L∃∀.
(3) By Proposition 8(4), ∀i∀ix = ∀ix, so ∀ix ∈ L∃i∀i

= L∃j∀j
, hence ∀j∀ix = ∀ix

for all x ∈ L, which means ∀j∀i = ∀i. Similarly, ∀i∀j = ∀j . Further, by (MBL2)
and Proposition 8(14), ∀ix = ∀j∀ix ≤ ∀jx and ∀jx = ∀i∀jx ≤ ∀ix for each x ∈ L.
Hence, ∀i = ∀j , then we have ∃i = ∃j by Proposition 8(8).
By statements (1) and (2), the statements (4) and (5) are immediate. 2

In what follows, we discuss the relationship between MBL-algebras and monadic
quantum B-algebras.
Definition 16. ([6]) Given a quantum B-algebra (X,≤,→,⇝, u,∃, ∀) with unital
element u, we call (X,∃, ∀) a monadic quantum B-algebra, if the following axioms
are satisfied, for any x, y ∈ X,
(MQB1) x ≤ ∃x,
(MQB2) ∀x ≤ x,
(MQB3) ∀(x → ∃y) = ∃x → ∃y, ∀(x⇝ ∃y) = ∃x⇝ ∃y,
(MQB4) ∀(∃x → y) = ∃x → ∀y, ∀(∃x⇝ y) = ∃x⇝ ∀y,
(MQB5) ∃∀x = ∀x,
(MQB6) ∀u = ∃u = u.

If X is commutative and integral, then we call (X,∃,∀) a monadic commutative
integral quantum B-algebra.
Theorem 3. Every MBL-algebra that satisfies exchange rule is a monadic commu-
tative integral quantum B-algebra.
Proof. Let (X,∃,∀) be a MBL-algebra that satisfies exchange rule, then from
Proposition 5, it is a commutative integral quantum B-algebra. Moreover, axioms
(MQB1)-(MQB6) are directly obtained from (MBL1) to (MBL5) and Proposition
8(1), respectively. Therefore, (X,∃,∀) is a monadic commutative integral quantum
B-algebra. 2

5 Monadic pre-ideals in monadic bounded L-algebras
In this section, we study monadic pre-ideal, maximal monadic pre-ideal and

prime monadic pre-ideal in MBL-algebras. Moreover, some characterizations of
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them are obtained from the point of universal quantifiers and existential quantifiers,
respectively. In addition, it is shown that the set of all monadic pre-ideals of MBL-
algebras is a lattice under the inclusion order ⊆ and an equivalent characterization
of it is obtained.

Definition 17. Given an MBL-algebra (L,∃,∀) and I ∈ PI(L). We call I a
monadic pre-ideal if for all x ∈ I, we have ∀x ∈ I.

In Definition 17, we call I a maximal monadic pre-ideal if I is the maximal
pre-ideal of L. The collection of all monadic pre-ideals of (L,∃,∀) is denoted by
MPI(L).

Example 9. Given an MBL-algebra (L,∃,∀). Then Ker(∀) = {x ∈ L|∀x = 1} ∈
MPI(L).

Example 10. Consider the Example 6, it is straightforward to verify that all of
the monadic pre-ideals in (L,∃,∀) are {1}, {x3, 1} and {0, x1, x2, x3, 1}. Further-
more, {x1, x2, x3, 1} ∈ PI(L) but {x1, x2, x3, 1} /∈ MPI(L) since ∀x1 = ∀x2 = 0 /∈
{x1, x2, x3, 1}.

Given an MBL-algebra (L,∃, ∀) and ∅ ≠ X ⊆ L, we denote ⟨X⟩∀ as monadic
pre-ideal of L generated by X, i.e. ⟨X⟩∀ is the smallest monadic pre-ideal of (L,∃,∀)
containing X. Now we give a characterization of ⟨X⟩∀ in the following proposition.

Proposition 12. Given an MBL-algebra (L,∃,∀) satisfies (K), ∅ ≠ X ⊆ L. Then

⟨X⟩∀ = {a ∈ L | ∀x1 → (∀x2 → (∀x3 → · · · (∀xn → a) · · · )) = 1, for some xi ∈
X,n ≥ 1}.

Proof. The proof for it is similar to that of Theorem 1. 2

Proposition 13. Given an MBL-algebra (L,∃, ∀), I, I1, I2 ∈ MPI(L) and x /∈ I.
The following statements hold,
(1) if L satisfies (K), then ⟨x⟩∀ = {a ∈ L | ∀x n↠ a = 1, for some n ≥ 1},
(2) if L satisfies exchange rule, then ⟨I1 ∪ I2⟩∀ = {a ∈ L | ∀i → (∀j → a) =
1, for some i ∈ I1, j ∈ I2 and n ≥ 1},
(3) if L satisfies exchange rule, then ⟨I ∪ {x}⟩∀ = {a ∈ L | ∀i → (∀x n↠ a) =
1, for some i ∈ I and n ≥ 1}.

Proof. From Corollary 1, Theorem 2, Corollary 2 and Proposition 12, they are im-
mediate. 2
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Remark 3. From Remark 1, Remark 2(2), we note that the conclusions in Theorem
1, Corollary 1, Proposition 12 and Proposition 13(1) are also hold on CL-algebras
that introduced in reference [7].

Corollary 3. Given an MBL-algebra (L,∃,∀) satisfies (K). Then for any x, y ∈ L,
the statements as follows are satisfied,
(1) ⟨∀x⟩∀ = ⟨x⟩∀,
(2) if x ≤ y, then ⟨y⟩∀ ⊆ ⟨x⟩∀.

Proof. (1) By Propositions 8(4) and 13(1), it is immediate.
(2) By Propositions 8(14) and 13(1), it is immediate. 2

Proposition 14. Given an MBL-algebra (L,∃,∀) that satisfies exchange rule, x ∈
L∃∀ and I ∈ MPI(L), then ⟨I ∪ {x}⟩ ∈ MPI(L).

Proof. Assume that a ∈ ⟨{I ∪ {x}⟩, then by Corollary 2, there exist some i ∈ I

and n ≥ 1 s.t. i → (x n↠ a) = 1. Since i ∈ I and I ∈ MPI(L), x n↠ a ∈ I

and further, ∀(x n↠ a) ∈ I. Then there exists j ∈ I s.t. ∀(x n↠ a) = j. Hence
j → ∀(x n↠ a) = 1. Since x ∈ L∃∀, then by Proposition 8(16) and Proposition 1,
∀(x n↠ a) ≤ ∀x n↠ ∀a = x

n↠ ∀a. So 1 = j → ∀(x n↠ a) ≤ j → (x n↠ ∀a), which
implies j → (x n↠ ∀a) = 1, hence ∀a ∈ ⟨I ∪ {x}⟩. Therefore, ⟨I ∪ {x}⟩ ∈ MPI(L).
2

Inspired by Proposition 14, the following proposition gives an equivalent charac-
terization of maximal monadic pre-ideal from the point of universal quantifiers and
existential quantifiers, respectively.

Proposition 15. Given an MBL-algebra (L,∃,∀) that satisfies exchange rule, I ∈
MPI(L) and I is proper. Then the following statements are equivalent,
(1) I is maximal,
(2) for each x ∈ L, ∀x ∈ I or (∀x)′ ∈ I,
(3) for each x ∈ I, ∃x ∈ I or (∃x)′ ∈ I.

Proof. (1) ⇒ (2) Let I is maximal and there exists x ∈ L s.t. ∀x, (∀x)′ /∈ I. Consider
the pre-ideal ⟨{∀x} ∪ I⟩, it is proper since (∀x)′ /∈ I. Moreover, from Proposition
14, ⟨{∀x} ∪ I⟩ ∈ MPI(L), so I ⊂ ⟨{∀x} ∪ I⟩, which conflicts with the fact that I is
maximal.
(2) ⇒ (1) Suppose for any x ∈ L,∀x ∈ I or (∀x)′ ∈ I, but I is not maximal. Then
there is a proper monadic pre-ideal D s.t. I ⊂ D, i.e., there exists x ∈ D but
x /∈ I. Therefore, ∀x /∈ I but (∀x)′ ∈ I, so (∀x)′ ∈ D. Moreover, since x ∈ D and
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D ∈ MPI(L), then ∀x ∈ D, which conflicts with the fact that (∀x)′ ∈ D.
(1) ⇔ (3) The proof is similar to the proof of (1) ⇔ (2). 2

The following theorem gives an equivalent characterization of monadic pre-ideals.

Theorem 4. ([7]) Given an MBL-algebra (L,∃,∀) satisfies exchange rule, I ∈
PI(L). Then we have equivalent statements as follows,
(1) I ∈ MPI(L),
(2) I = ⟨I ∩ L∃∀⟩.

Now we introduce monadic simple bounded L-algebras and some equivalent char-
acterizations of them are given.

Definition 18. An MBL-algebra (L,∃, ∀) is called simple if there are only two
monadic pre-ideals, which are L and {1}.

Theorem 5. Given an MBL-algebra (L,∃,∀) that satisfies (K). Then we have
equivalent statements as follows,
(1) (L,∃,∀) is simple,
(2) ∀L is simple,
(3) ∃L is simple,
(4) L∃∀ = {0, 1}.

Proof. (1) ⇒ (2) Suppose (L,∃,∀) is simple, I ∈ MPI(∀L) and I ̸= {1}. Now
we only need to prove that ∀L = I. Consider the set Ii = {a ∈ L | i → a =
1, for a certain i ∈ I}. It is clear that 1 ∈ Ii. Now assume x, x → y ∈ Ii,
then there exist i1, i2 ∈ I s.t. i1 → x = 1, i2 → (x → y) = 1. So i1 ≤ x, then
x → y ≤ i1 → y. Further, from 1 = i2 → (x → y) ≤ i2 → (i1 → y), we have
i2 → (i1 → y) = 1 and hence y ∈ I since I ∈ MPI(∀L). Then there exists a certain
i ∈ I s.t. y = i, we have i → y = 1, which implies y ∈ Ii. Therefore, Ii ∈ PI(L).
Moreover, if x ∈ Ii, then there exists i ∈ I s.t. i → x = 1. By Proposition 8(16),
1 = ∀(i → x) ≤ ∀i → ∀x = i → ∀x since i ∈ ∀L. So i → ∀x = 1, which implies
∀x ∈ Ii. Therefore, Ii ∈ MPI(L). Since (L,∀,∃) is simple and I ⊆ Ii, Ii ̸= {1}, we
have Ii = L. So 0 ∈ Ii, hence I = ∀L, which means ∀L is simple.
(2) ⇒ (1) Let I ∈ MPI(L), then I ∩ ∀L ∈ MPI(∀L), hence I ∩ ∀L = {1} or
I ∩ ∀L = ∀L.
(i) If I ∩ ∀L = ∀L, then ∀L ⊆ I and, since 0 ∈ ∀L, we can get that I = L.
(ii) If I ∩ ∀L = {1} and x ∈ I, then ∀x ∈ I ∩ ∀L, so ∀x = 1, that is, x = 1(if x ̸= 1,
which conflicts with ∀L is simple), so I = {1}. Then we conclude that (L,∀,∃) is
simple.
(2) ⇔ (3) Since ∀L = ∃L by Proposition 11, it is immediate.
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(2) ⇔ (4) Since ∀L = L∃∀ by Proposition 11, it is immediate. 2

Theorem 5 offers a way to check whether an MBL-algebra is simple. As an
application, we can use it to verify that the MBL-algebra in Example 7 is simple
since L∃∀ = {0, 1}.

In what follows, the concept of prime monadic pre-ideal of MBL-algebras is
presented. Moreover, we get that each maximal monadic pre-ideal is prime.

Definition 19. Given an MBL-algebra (L,∀,∃), I ∈ MPI(L) and I ̸= L, we call
I prime monadic pre-ideal, if for all I1, I2 ∈ MPI(L) s.t. I1 ∩ I2 ⊆ I, then I1 ⊆ I
or I2 ⊆ I.

Example 11. In Example 10, we can check that {x3, 1} is a prime monadic pre-ideal
of (L,∀,∃).

Proposition 16. Given an MBL-algebra (L,∃,∀). I ∈ MPI(L) and I is maximal,
then I is prime.

Proof. Let I1, I2 ∈ MPI(L) with I1 ∩ I2 ⊆ I. If I1 ⊈ I, then I1 = L since I is a
maximal monadic pre-ideal, it follows that I1 ∩ I2 = L ∩ I2 = I2 ⊆ I. Therefore, I
is prime. 2

In what follows, we prove that the collection of all monadic pre-ideals of an L-
algebra is a lattice. Further, the isomorphic relation between lattice (MPI(L),∧,∨)
and lattice PI(L∃∀) is discussed.

Proposition 17. Given an MBL-algebra (L,∃,∀) that satisfies exchange rule. For
any I1, I2 ∈ MPI(L), we define I1 ∧ I2 = I1 ∩ I2, I1 ∨ I2 = ⟨I1 ∪ I2⟩∀. Then
(MPI(L),∧,∨) is a lattice under the inclusion order ⊆.

Proof. Assume that {Ij}j∈K is a family of monadic pre-ideals of (L,∃,∀). Obviously,
according to Proposition 13(2), the infimum is ∧j∈KIj = ∩j∈KIj and the supermum
is ∨i∈KIi = {a ∈ L | ∀ij1 → (∀ij2 → · · · (∀ijm → a) · · · ) = 1, for some ijk

∈
Ijk
, jk ∈ K}. Therefore, (MPI(L),∧,∨) is a lattice under the inclusion order ⊆.

2

Theorem 6. Given an MBL-algebra (L,∃, ∀) that satisfies (K). Then (MPI(L),
∧,∨) is isomorphic to the lattice PI(L∃∀) ( that is, the set of all pre-ideals of bounded
L-algebra L∃∀).

Proof. Consider the mappings φ : MPI(L) −→ PI(L∃∀) given by φ(I) = I ∩ L∃∀,
for any I ∈ MPI(L), and ψ : PI(L) −→ MPI(L) given by ψ(J) = ⟨J⟩∀, for
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any J ∈ PI(L). Then we can check that φ and ψ are well-defined. Next, for any
I ∈ MPI(L) and J ∈ PI(L∃∀), from the definition of φ and ψ, it is easy to verify
that φ(ψ(J)) = J and ψ(φ(I)) = I. Moreover, if J1, J2 ∈ PI(L∃∀) s.t. J1 ⊆ J2, then
⟨J1⟩∀ ⊆ ⟨J2⟩∀, which means ψ(J1) ⊆ ψ(J2). On the other hand, if I1, I2 ∈ MPI(L)
s.t. I1 ⊆ I2, then I1 ∩L∃∀ ⊆ I2 ∩L∃∀, which means φ(I1) ⊆ φ(I2). Then we conclude
that (MPI(L),∧,∨) is isomorphic to PI(L∃∀). 2

6 Relations between monadic bounded self-similar L-
algebras and other related monadic algebras

Relations between monadic bounded self-similar L-algebras and other monadic
structures are discussed in this section, such as monadic (left) hoops, monadic Wa-
jsberg hoops and monadic MV-algebras. Moreover, we obtain a characterization of
monadic bounded L-algebras and monadic bounded self-similar L-algebras by rela-
tively complete subalgebras and m-relatively complete subalgebras, respectively.

In order to investigate monadic bounded self-similar L-algebras, we give the
following propositions of self-similar L-algebras.
Proposition 18. Given a self-similar L-algebra (X,→, ·, 1). Then for any x, y, z ∈
X, the statements as follows are satisfied,
(1) x · y ≤ z ⇔ x ≤ y → z,
(2) (x → y) · x = (y → x) · y ≤ y,
(3) if x ≤ y, then x · z ≤ y · z,
(4) if X satisfies (K) and x ≤ y, then z · x ≤ z · y,
(5) if X satisfies (K), then (y → z) · (x → y) ≤ x → z,
(6) x → y = x · z → y · z.
Proof. The statements (1), (2), (3) and (6) are directly obtained from Proposition
2(2).
(4) Assume X satisfies (K) and x ≤ y, then by Proposition 1, we have z = y →
z · y ≤ x → z · y. Hence, z · x ≤ z · y.
(5) Assume X satisfies (K), then by Proposition 7, it is valid. 2

Proposition 19. Given a bounded self-similar L-algebra (X,→, ·, 0, 1). Then for
any x ∈ X, the statements as follows are satisfied,
(1) x · 1 = 1 · x = x,
(2) x · 0 = 0 · x = 0.
Proof. (1) By Proposition 2(2), x · 1 → x = x → (1 → x) = x → x = 1, that is
x · 1 ≤ x. Moreover, by Proposition 18(1), x ≤ 1 → x · 1 = x · 1. Hence, x · 1 = x.
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Similarly, 1 · x = x.
(2) Since x ≤ 1 = 0 → 0, we have x · 0 ≤ 0 and thus x · 0 = 0. Similarly, 0 · x = 0.
2

Definition 20. Given a bounded self-similar L-algebra (X,→, ·, 0, 1). Then we call
(X,→, ·, 0, 1,∃,∀) ((X,∃, ∀) for short) of type (2,2,0,0,1,1) a monadic bounded self-
similar L-algebra (MBSL-algebra for short) if for any x, y ∈ X, it satisfies axioms
(MBL1)-(MBL5).
Moreover, we call an MBSL-algebra strong if it satisfies the axiom
(MBL6) ∃(x · x) = ∃x · ∃x.

Proposition 20. Given an MBSL-algebra (X,∃, ∀). Then for any x, y ∈ X, the
statements as follows are satisfied,
(1) ∃(∃x · ∃y) = ∃x · ∃y,
(2) ∀(∃x · ∃y) = ∃x · ∃y,
(3) ∀(∀x · ∀y) = ∀x · ∀y,
(4) ∃(∀x · ∀y) = ∀x · ∀y,
(5) ∃(∃x ∧ ∃y) = ∃x ∧ ∃y,
(6) ∀(x ∧ y) = ∀x ∧ ∀y.

Proof. (1) By (MBL1), ∃x · ∃y ≤ ∃(∃x · ∃y). Moreover, since ∃x ≤ ∃y → ∃x · ∃y,
then ∃x = ∀∃x ≤ ∀(∃y → ∃x · ∃y) = ∃y → ∀(∃x · ∃y) by Proposition 8(2), 8(14)
and (MBL4), which means ∃x · ∃y ≤ ∀(∃x · ∃y). Further, by (MBL5) and (MBL2),
∃(∃x · ∃y) ≤ ∃∀(∃x · ∃y) = ∀(∃x · ∃y) ≤ ∃x · ∃y.
(2) By (1) and Proposition 8(8), it is immediate.
(3) By (MBL2), ∀(∀x · ∀y) ≤ ∀x · ∀y. Moreover, since ∀x ≤ ∀y → ∀x · ∀y, then
∀x = ∀∀x ≤ ∀(∀y → ∀x · ∀y) = ∀y → ∀(∀x · ∀y) by Proposition 8(4), 8(14) and 8(7),
so ∀x · ∀y ≤ ∀(∀x · ∀y).
(4) It is immediate by (3) and Proposition 8(8).
(5) On the one hand, ∃(∃x∧ ∃y) ≥ ∃x∧ ∃y. On the other hand, by Proposition 8(3)
and 8(7), we have ∃(∃x∧ ∃y) ≤ ∃∃x = ∃x and ∃(∃x∧ ∃y) ≤ ∃∃y = ∃y, which means
∃(∃x ∧ ∃y) ≤ ∃x ∧ ∃y. Therefore, ∃(∃x ∧ ∃y) = ∃x ∧ ∃y.
(6) By (MBL5) and Proposition 8(9), ∃(∀x∧∀y) = ∃(∃∀x∧∃∀y) = ∀x∧∀y. Hence, by
Proposition 8(8), (MBL2) and Proposition 8(10), we can get ∀(∀x∧∀y) = ∀x∧∀y ≤
∀(x ∧ y) ≤ ∀x ∧ ∀y. Therefore, ∀(x ∧ y) = ∀x ∧ ∀y. 2

Proposition 21. Given an MBSL-algebra (X,∃, ∀) that satisfies (K). Then the
statements as follows are satisfied, for any x, y ∈ X,
(1) ∃x · ∀y ≤ ∃(x · y), ∀x · ∃y ≤ ∃(x · y),
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(2) ∃(∃x · y) = ∃x · ∃y = ∃(x · ∃y),
(3) ∃(∀x · y) = ∀x · ∃y, ∃(x · ∀y) = ∃x · ∀y,
(4) ∀x · ∀y ≤ ∀(x · y) ≤ ∃(x · y) ≤ ∃x · ∃y.

Proof. (1) From (MBL2) and Proposition 18(4), x · ∀y ≤ x · y, then by (MBL1) and
Proposition 1, 1 = x · y → ∃(x · y) ≤ x · ∀y → ∀(x · y), so x ≤ ∀y → ∃(x · y). Hence,
by Proposition 8(2) and 8(13), ∃x ≤ ∃(∀y → ∃(x · y)) = ∃(∀y → ∀∃(x · y)) = ∀y →
∃(x · y), that is, ∃x · ∀y ≤ ∃(x · y). Similarly, we can get ∀x · ∃y ≤ ∃(x · y).
(2) By (1), we can get ∃x·∃y ≤ ∃(∃x·y) and ∃x·∃y ≤ ∃(x·∃y). Further, ∃x·y ≤ ∃x·∃y
and x · ∃y ≤ ∃x · ∃y yield ∃(∃x · y) ≤ ∃(∃x · ∃y) = ∃x · ∃y and ∃(x · ∃y) ≤ ∃x · ∃y by
Proposition 20(1).
(3) By (2), it is immediate.
(4) By (MBL2), Proposition 18(3) and 18(4), ∀x · ∀y ≤ x · y, then by Propositions
20(3) and 8(14), ∀(∀x · ∀y) = ∀x · ∀y ≤ ∀(x · y). Further, by Proposition 20(3),
(MBL1) and (MBL2), ∀x · ∀y ≤ ∀(x · y) ≤ ∃(x · y). Finally, again using (MBL1),
Proposition 18(4) and Proposition 20(1), we have ∃(x · y) ≤ ∃x · ∃y. 2

In what follows, we introduce the concepts of relatively complete subalgebras
and m-relatively complete subalgebras of self-similar L-algebras. Moreover, a char-
acterization of MBL-algebras and MBSL-algebras is obtained by relatively complete
subalgebras and m-relatively complete subalgebras, respectively.

Definition 21. Given a self-similar L-algebra (X,→, ·, 0, 1) and A ⊆ X is a sub-
algebra. We call A relatively complete if for any x ∈ X, min{a ∈ A | x ≤ a}
and max{a ∈ A | x ≥ a} exist. A relatively complete subalgebra A of X is called
m-relatively complete if for any x ∈ X and a ∈ A with x · x ≤ a, there exists b ∈ A,
s.t. x ≤ b and b · b ≤ a.

We denote the collection of all relatively complete subalgebras and m-relatively
complete subalgebras of X as RC(X) and mRC(X), respectively.

Example 12. If (X,∃,∀) is an MBL-algebra, then X∃∀ ∈ RC(X). Indeed, if x ∈ X
and a ∈ X∃∀ with x ≤ a, then x ≤ a = ∃a iff ∃x ≤ ∃a = a by Proposition 8(7),
which means ∃x = min{a ∈ X∃∀ | x ≤ a}. Similarly, ∀a = a ≤ x iff a = ∀a ≤ ∀x,
which means ∀x = max{a ∈ X∃∀ | x ≥ a}. Hence, X∃∀ ∈ RC(X).

Example 13. If (X,∃, ∀) is an MBSL-algebra that satisfies (K), then X∃∀ ∈
mRC(X). Indeed, from Example 12, X∃∀ ∈ RC(X). Now suppose x ∈ X and
a ∈ X∃∀, s.t. x · x ≤ a, then a = ∃a ≥ ∃(x · x) = ∃x · ∃x ≥ x · x. Taking b = ∃x in
Definition 21, then X∃∀ ∈ mRC(X).

319



Lingling Mao, Xiaolong Xin and Xiaoguang Li

Theorem 7. Let (X,∃, ∀) is an MBSL-algebra that satisfies exchange rule, A ∈
RC(X). If we denote ∃Ax = min{a ∈ A | x ≤ a} and ∀Ax = max{a ∈ A | x ≥ a}
for any x ∈ X, then (X,∃A,∀A) is an MBL-algebra.

Proof. (1) Obviously, ∃Ax = x and ∀Ax = x for any x ∈ X, and ∃A, ∀A are isotone.
(2) Since x ≤ ∃Ax and ∀Ax ≤ x for any x ∈ X, then x → ∃Ax = 1 and ∀Ax → x = 1.
Hence, (MBL1) and (MBL2) are true.
(3) Let x, y ∈ X, since A is a subalgebra of X and ∃Ax,∃Ay ∈ A, ∃Ax → ∃Ay ∈ A.
Further, from ∃Ax → ∃Ay ≤ x → ∃Ay, we have ∃Ax → ∃Ay ∈ {a ∈ A | a ≤ x →
∃Ay}. Since a,∃Ay ∈ A and A ⊆ X, a → ∃Ay ∈ A. Then for each a ≤ x → ∃Ay,
exchange rule yields ∃Ax ≤ ∃A(a → ∃Ay) = a → ∃Ay. Hence, a ≤ ∃Ax → ∃Ay,
which means max{a ∈ A | a ≤ x → ∃Ay} = ∃Ax → ∃Ay. Therefore, ∀A(x →
∃Ay) = ∃Ax → ∃Ay, thus (MBL3) is satisfied.
(4) From ∀Ay ≤ y, we have ∃Ax → ∀Ay ≤ ∃Ax → y, so ∃Ax → ∀Ay ∈ {a ∈
A | a ≤ ∃Ax → y}. If a ∈ A s.t. a ≤ ∃Ax → y, then a · ∃Ax ≤ y. Since
a · ∃Ax ∈ A, a · ∃Ax = ∀A(a · ∃Ax) ≤ ∀Ay, hence a ≤ ∃Ax → ∀Ay, which means
max{a ∈ A | a ≤ ∃Ax → y} = ∃Ax → ∃Ay. Therefore, ∀A(∃Ax → y) = ∃Ax → ∀Ay,
thus (MBL4) is satisfied.
(5) Since ∀Ax ∈ A, ∃A∀Ax = ∀Ax, thus (MBL5) is satisfied.
Then we conclude that (X,∃A,∀A) is an MBL-algebra. 2

Corollary 4. Given an MBSL-algebra (X,∃,∀) that satisfies exchange rule, A ∈
mRC(X). If we denote ∃Ax = min{a ∈ A | x ≤ a} and ∀Ax = max{a ∈ A | x ≥ a}
for any x ∈ X, then (X,∃A,∀A) ia an MBSL-algebra.

Proof. From the proof in Theorem 7, we only need to prove (MBL6) is satisfied.
Since x · x ≤ ∃Ax · ∃Ax, then ∃A(x · x) ≤ ∃Ax · ∃Ax by Proposition 20(1). Moreover,
again since x · x ≤ ∃Ax · ∃Ax and ∃Ax · ∃Ax ∈ A, then there exists a ∈ A s.t. x ≤ a
and a · a ≤ ∃Ax · ∃Ax. So x · x ≤ a · a ≤ ∃Ax · ∃Ax. Therefore, ∃A(x · x) = ∃Ax · ∃Ax,
thus (MBL6) is satisfied. Then we conclude that (X,∃A,∀A) is an MBSL-algebra.
2

In what follows, we study the relations between MBSL-algebras and other
monadic structures, such as monadic bounded (left) hoops, monadic Wajsberg hoops
and monadic MV-algebras.

Definition 22. ([28]) Given a bounded hoop (H, ·,→, 0, 1). Then we call (H, ·,→
, 0, 1,∃,∀) of type (2, 2, 0, 0, 1, 1) ((H,∃, ∀) for short) a monadic bounded hoop if for
any x, y ∈ H, the statements as follows hold,
(M1) x → ∃x = 1,
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(M2) ∀x → x = 1,
(M3) ∀(x → ∃y) = (∃x → ∃y),
(M4) ∀(∃x → y) = (∃x → ∀y),
(M5) ∃∀x = ∀x,
(M6) ∀(x · x) = ∀x · ∀x.

In Definition 22, if (H, ·,→, 0, 1) is a bounded left hoop, then we call (H,∃,∀) a
monadic bounded left hoop.

Theorem 8. ([15]) Every self-similar L-algebra is a left hoop.

Remark 4. If the self-similar L-algebra X satisfies exchange rule, that is, x → (y →
z) = y → (x → z), then X becomes a hoop. Indeed, if X satisfies exchange rule,
then by Proposition 2(2), we have x · y → z = y · x → z, which means x · y = y · x.
Hence, the binary operation · on X is commutative, so X becomes a hoop.

Theorem 9. Given an MBSL-algebra (X,∃,∀) that satisfies (K). Then (X,∃,∀) is
a monadic bounded left hoop if for any x ∈ X, ∀(x · x) ≤ ∀x · ∀x.

Proof. From Theorem 8, X is a bounded left hoop. Moreover, axioms (M1) to
(M5) are consistent with (MBL1) to (MBL5), respectively. So we only need to
verify (M6). From Proposition 18(3) and 18(4), we have ∀x · ∀x ≤ x · x and hence
∀x · ∀x = ∀(∀x · ∀x) ≤ ∀(x · x) by Proposition 20(3). Therefore, (M6) is true. Then
we conclude (X,∃,∀) is a monadic bounded left hoop. 2

Corollary 5. Given an MBSL-algebra (X,∃,∀) that satisfies exchange rule. Then
(X,∃, ∀) is a monadic bounded hoop if for any x ∈ X, ∀(x · x) ≤ ∀x · ∀x.

Proof. From Remark 3 and Theorem 9, it is immediate.

Definition 23. ([4]) Given a Wajsberg hoop (H; ·,→, 1) with a unary operator ∀
(an universal quantifier). We call (H,∀) monadic Wajsberg hoop if the statements
as follows hold, for any x, y ∈ H,
(MH1) ∀1 = 1,
(MH2) ∀x → x = 1,
(MH3) ∀((x → ∀y) → ∀y) = (∀x → ∀y) → ∀y,
(MH4) ∀(x → y) → (∀x → ∀y) = 1,
(MH5) ∀(∀x → ∀y) = ∀x → ∀y,
(MH6) ∀(x · x) = ∀x · ∀x,
(MH7) ∀((x → ∀y) → x) = (∀x → ∀y) → ∀x,
(MH8) ∀(x ∧ y) = ∀x ∧ ∀y,
(MH9) ∀(∀x · ∀y) = ∀x · ∀y.
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Remark 5. From the proof of statements (18) and (19) in Proposition 8, we can
get that (MH3) ⇒ (MH7). So we can say that a Wajsberg hoop (H; ·,→, ∀, 1) is
called a monadic Wajsberg hoop if for any x, y ∈ H, axioms (MH1)-(MH6), (MH8)
and (MH9) are hold.

Proposition 22. Every self-similar L-algebra that satisfies (C) and exchange rule
is a Wajsberg hoop.

Proof. From Remark 3 and Definition 6, it is immediate. 2

Theorem 10. Given an MBSL-algebra (X,∃, ∀) that satisfies (C) and exchange
rule. Then (X,∃,∀) is a monadic Wajsberg hoop if for any x ∈ X, ∀(x ·x) ≤ ∀x · ∀x.

Proof. From Proposition 22, X is a Wajsberg hoop. Moreover, axioms (MH1)-
(MH5), (MH8)-(MH9) are consistent with Proposition 8(1), (MBL2), Proposition
8(18), 8(16), 8(11), Proposition 20(6) and 20(3), respectively. And the proof of
(MH6) is similar to Theorem 9, so we omit it. 2

Definition 24. ([8, 9]) Given an MV-algebra M with a unary operator ∀ (an uni-
versal quantifier). We call (M, ∀) monadic MV-algebra if for any x, y ∈ M , the
statements as follows are satisfied,
(A1) x ≥ ∀x,
(A2) ∀(x ∧ y) = ∀x ∧ ∀y,
(A3) ∀(∀x)′ = (∀x)′,
(A4) ∀(∀x · ∀y) = ∀x · ∀y,
(A5) ∀(x · x) = ∀x · ∀x,
(A6) ∀(x⊕ x) = ∀x⊕ ∀x.

From Propositions 4 and 22, we have the following corollary.

Corollary 6. Every self-similar L-algebra that satisfies (C) and exchange rule is an
MV-algebra.

Given a bounded self-similar L-algebra (X, ·,→, 0, 1), for any x, y ∈ X, we define
x · y = (x → y′)′. Then (X, ·,′ , 1) is an MV-algebra, where x′ = x → 0 ([31]). For
any bounded self-similar L-algebra X and x ∈ L, besides the operation x′ = x → 0,
we also define x⊕ y = (x′ · y′)′.

Theorem 11. Given a strong MBSL-algebra (X,∃, ∀) that satisfies (C) and ex-
change rule. Then (X,∃, ∀) is a monadic MV-algebra if for any x ∈ X, ∀(x · x) ≤
∀x · ∀x.

322



Monadic Operators on Bounded L-algebras

Proof. From Corollary 6, X is an MV-algebra. Moreover, axioms (A1)-(A4) are
consistent with (MBL2), Propositions 20(6), 9(2) and 20(3), respectively. The proof
of (A5) is similar to Theorem 9. So we only need to prove (A6). From Proposition
9(3), (MBL6) and Proposition 9(4), we can get ∀(x⊕x) = ∀((x′ ·x′)′) = (∃(x′ ·x′))′ =
(∃x′ ·∃x′)′ = (∃x′)′ ⊕(∃x′)′ = ∀x⊕∀x. Therefore, (X,∃,∀) is a monadic MV-algebra.
2

7 Conclusion
As we all known, many monadic algebras have been researched in the litera-

ture. Inspired and based on this, we spread the notion of monadic operators to
a more general algebraic structure, namely L-algebras. As we said in introduc-
tion, L-algebras are also logical algebras. So in the next work, we will discuss the
construction, properties and completeness of monadic formal deductive system cor-
responding to monadic L-algebras class, so as to expand the research of L-algebras
and corresponding logic system.
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Abstract

We mainly focus on studying ideals on pseudo equality algebras. Firstly, we
introduce the concept of ideals on pseudo equality algebras and provide some
examples. We discuss their related properties and give the equivalent charac-
terization of ideals. Next, we explore the relationships between ideals and filters
on pseudo equality algebras under certain conditions and study the generation
formula of ideals on involutive pseudo equality algebras. Then we induce con-
gruence relations by ideals and construct the quotient structures. In addition,
we introduce the concept of prime ideals on pseudo equality algebras and re-
search their related properties. We provide the equivalent characterizations of
prime ideals. We prove that if a pseudo equality algebra is a chain, then each
proper ideal is a prime ideal, but the converse is not true. Finally, we introduce
the concept of maximal ideals on pseudo equality algebras and discuss the re-
lationships between maximal ideals and prime ideals.

Keywords: Pseudo equality algebra; ideal; congruence; prime ideal

1 Introduction
In recent years, the study of fuzzy logic has become a hot topic in information science
research, and fuzzy logic research is inseparable from logic algebra. Various logic
algebras have been introduced and studied as non-classical logic semantic systems,
such as residuated lattice [18], BL-algebras [11], MV-algebras [2] and Weak Pseudo
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EMV-algebras [8]. In order to develop the truth algebraic structure of fuzzy type
theory, V. Novák and B.De Baets [15] proposed a new logical algebra named EQ-
algebras in 2009. EQ-algebras have three fundamental operations, meet operation ∧,
product operation ⊗ and fuzzy equality operation ∼, implication → can be induced
by fuzzy equality operation ∼. As soon as EQ-algebra was founded, it attracted
the attention and research of many scholars at home and abroad, and obtained
many important conclusions [9, 1, 20]. However, it was founded that the product
operation in EQ-algebra was still an EQ-algebra after being replaced by another
smaller binary operation. Therefore, S. Jenei [12] proposed a new algebraic structure
named equality algebras in 2012. Compared with EQ-algebra, equality algebra has
no product operation. As a generalization of equality algebras, Jenei [13] put forward
the concept of pseudo equality algebras and proved that the pseudo equality algebras
and the pseudo BCK-meet-semilattices are equivalent in 2013. In 2014, Ciungu [4]
discovered a gap in the above equivalence proof of [13], gave a counterexample and
the correct version of the theorem. In addition, Dvurečenskij and Zahiri [7] proved
that each pseudo equality algebra in [13] is equality algebra and introduced a new
version of pseudo equality algebras in 2016. From a logical point of view, the study
of equality algebras and pseudo equality algebras is meaningful and can also enrich
the general algebraic system, pseudo equality algebras are not the same as other
algebraic systems, and as a generalization of equality algebras, the introduction of
⇝ will further restrict the pseudo equality algebras.

Ideals are an important way to study logical algebras. Many logical algebras have
proposed the concept of ideals, for example pseudo-MV algebras [10], pseudo-hoop
algebras [19] and equality algebras [16]. Georgescu and Iorgulescu [10] proposed the
concept of ideals on pseudo-MV algebras and introduced prime ideals and normal
ideals, which have been proven to be effective in studying the structural properties of
pseudo-MV algebras. In addition, Wenjuan Chen [5] studied ideals and congruence
relations on quasi-pseudo-MV algebras. Fei Xie and Hongxing Liu [19] studied
ideals on pseudo-hoop algebras, induced the congruence relations by ideals, and
constructed quotient structures. Jie Qiong Shi and Xiao Long Xin [17] introduced
the concept of ideals on EQ-algebras, studied relevant properties and equivalent
characterizations. They [17] also discussed the properties and relations of implicative
ideals, primary ideals, prime ideals and maximal ideals. Akbar Paad [16] introduced
the concept of ideals on bounded equality algebras and studied relevant properties.
Furthermore, Paad [16] introduced prime ideals and Boolean ideals on bounded
equality algebras. We find that the concept of ideals has not be introduced on the
pseudo equality algebras, and there are few examples of pseudo equality algebras,
which may bring difficulties in study the algebraic structure of logic systems. The
pseudo equality algebra is a simplification of the equality algebra, and we would like
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to investigate the differences between the two algebraic structures by studying the
differences in ideals.

This article is structured as follows: In Section 2, we review some concepts
and relevant properties of pseudo equality algebras. In Section 3, we introduce the
concept of ideals, give several examples of pseudo equality algebras, and provide the
equivalent characterization of ideals and generating formula. We also discuss the
relationship between ideals and filters of pseudo equality algebras. In addition, we
induce the congruence relations by ideals. In Section 4, we introduce prime ideals
and maximal ideals, provide equivalent characterizations of prime ideals, and discuss
relevant properties.

2 Preliminaries
Below are the definitions and basic results of pseudo equality algebras.

Definition 2.1. [14] An algebra M = (M, ∧, ∼,∽, 1) of type (2, 2, 2, 0) is said to be
a pseudo equality algebra (or a JK-algebra) if it fulfills the following conditions, for
each s, t, w ∈ M ,
(M1) (M, ∧, 1) is a meet-semilattice with top element 1,
(M2) s ∼ s = s ∽ s = 1,
(M3) s ∼ 1 = 1 ∽ s = s,
(M4) s ≤ t ≤ w implies s ∼ w ≤ t ∼ w, s ∼ w ≤ s ∼ t, w ∽ s ≤ w ∽ t and
w ∽ s ≤ t ∽ s,
(M5) s ∼ t ≤ (s ∧ w) ∼ (t ∧ w) and s ∽ t ≤ (s ∧ w) ∽ (t ∧ w),
(M6) s ∼ t ≤ (w ∼ s) ∽ (w ∼ t) and s ∽ t ≤ (s ∽ w) ∼ (t ∽ w),
(M7) s ∼ t ≤ (s ∼ w) ∼ (t ∼ w) and s ∽ t ≤ (w ∽ s) ∽ (w ∽ t).

We refer to ∼ and ∽ as pseudo equality operations and ∧ as the meet operation.
We define s ≤ t, for all s, t ∈ M , by s ∧ t = s. Two unary operations are defined,
s− = s → 0, s∼ = s⇝ 0, for all s ∈ M . Also, we define two other operations, called
implications,

s → t = (s ∧ t) ∼ s,

s⇝ t = s ∽ (s ∧ t).

Definition 2.2. [14, 3] Let M be a pseudo equality algebra. For all s, t ∈ M , we
call M is,
(1) bounded if there is an element 0 ∈ M , 0 ≤ s,
(2) involutive if s∼− = s, s−∼ = s,
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(3) good if s−∼ = s∼−,
(4) symmetric if s ∽ t = t ∼ s.

Proposition 2.3. [14] Let M be a pseudo equality algebra. For all s, t, w ∈ M , the
following properties hold,
(M8) s ∽ t ≤ s⇝ t and t ∼ s ≤ s → t,
(M9) s ≤ ((w ∼ s) ∽ w) ∧ (w ∼ (s ∽ w)), s ≤ ((s ∽ w) ∼ (1 ∽ w)) ∧ ((w ∽ 1) ∽
(w ∽ s)), s ∽ 1 ≤ ((s ∽ w) ∼ w) ∧ ((w ∽ s) ∼ (w ∽ 1)), 1 ∼ s ≤ (w ∽ ((w ∼
s)) ∧ ((1 ∼ w) ∼ (s ∼ w)),
(M10) s ∽ t = 1 or t ∼ s = 1 imply s ≤ t,
(M11) s ∼ t = 1 implies w ∼ s ≤ w ∼ t and s ∽ t = 1 implies t ∽ w ≤ s ∽ w,
(M12) s ≤ t iff s → t = 1 iff s⇝ t = 1,
(M13) s⇝ 1 = s⇝ s = s → s = s → 1 = 1, 1⇝ s = s and 1 → s = s,
(M14) s ≤ (t → s) ∧ (t⇝ s),
(M15) s ≤ ((s → t)⇝ t) ∧ ((s⇝ t) → t),
(M16) s → t ≤ (t → w)⇝ (s → w) and s⇝ t ≤ (t⇝ w) → (s⇝ w),
(M17) s ≤ t → w iff t ≤ s⇝ w,
(M18) s → (t⇝ w) = t⇝ (s → w),
(M19) t → s ≤ (t ∧ w) → (s ∧ w) and t⇝ s ≤ (t ∧ w)⇝ (s ∧ w),
(M20) s → t = s → (s ∧ t) and s⇝ t = s⇝ (s ∧ t),
(M21) 1 ∼ s = s ∽ 1,
(M22) if s ≤ t, then s ≤ (t ∽ s) ∧ (s ∼ t),
(M23) s ∽ t ≤ 1 ∼ (t ∽ s) and s ∼ t ≤ 1 ∼ (t ∼ s),
(M24) t ≤ w implies s → t ≤ s → w and s⇝ t ≤ s⇝ w,
(M25) t ≤ w implies w → s ≤ t → s and w ⇝ s ≤ t⇝ s.

Definition 2.4. [14] Let M be a pseudo equality algebra and J ⊆ M . J is called a
filter, if for all u, v ∈ M , it fulfills the following,
(1) 1 ∈ J ,
(2) s ∈ J, s ≤ t imply t ∈ J ,
(3) s, s ∽ t ∈ J imply t ∈ J .
Condition (3) is equivalent to the condition,
(3′) s, t ∼ s ∈ J imply t ∈ J .

Define the set of all filters of M by F (M).

Proposition 2.5. [14] Let M be a pseudo equality algebra. The following conditions
are equivalent,
(1) J ∈ F (M),
(2) for all s, t ∈ M , 1 ∈ J and s, s → t ∈ J imply t ∈ J ,
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(3) for all s, t ∈ M , 1 ∈ J and s, s⇝ t ∈ J imply t ∈ J .

Definition 2.6. [14] Let M be a pseudo equality algebra and M ̸= K ∈ F (M). If
for all s, t ∈ M , s → t ∈ K or t → s ∈ K, s⇝ t ∈ K or t⇝ s ∈ K, then we call K
a prime filter.

Proposition 2.7. [14] Let M be a pseudo equality algebra. For all s, t, w ∈ M , the
following properties hold,
(1) s → t ≤ (w → s) → (w → t),
(2) s⇝ t ≤ (w ⇝ s)⇝ (w ⇝ t).

Definition 2.8. [14] A lattice pseudo equality algebra is a pseudo equality algebra
in which (X, ≤) is a lattice, as well.

Proposition 2.9. [14] Let M be a lattice pseudo equality algebra. For all s, t, w ∈
M , the following properties hold,
(1) For all indexed families {si}i∈I in M , we have (∨i∈Isi) → t = ∧i∈I(si → t) and
(∨i∈Isi) ⇝ t = ∧i∈I(si ⇝ t), provided that the infimum and suprimum of {si}i∈I

exist in M ,
(2) (s ∨ t) → w = (s → w) ∧ (t → w) and (s ∨ t)⇝ w = (s⇝ w) ∧ (t⇝ w),
(3) s → t = (s ∨ t) → t and s⇝ t = (s ∨ t)⇝ t.

Proposition 2.10. Let M be a lattice pseudo equality algebra. For all s, t ∈ M , the
following properties hold,
(1) s ≤ s−∼, s ≤ s∼−,
(2) (s ∨ t)− = s− ∧ t−, (s ∨ t)∼ = s∼ ∧ t∼,
(3) s− = s−∼−, s∼ = s∼−∼,
(4) (s− → t−)∼− = s− → t−, (s∼ ⇝ t∼)−∼ = s∼ ⇝ t∼.

Proof. (1) By (M15), s ≤ ((s → 0) ⇝ 0) ∧ ((s ⇝ 0) → 0) = s−∼ ∧ s∼−, then we
s ≤ s−∼, s ≤ s∼−.
(2) By Proposition 2.9(2), (s ∨ t) → w = (s → w) ∧ (t → w), (s ∨ t) ⇝ w = (s ⇝
w) ∧ (t⇝ w). Thus (s ∨ t)− = (s → 0) ∧ (t → 0) = s− ∧ t−, (s ∨ t)∼ = (s⇝ 0) ∧ (t⇝
0) = s∼ ∧ t∼.
(3) By (M25) and (M18), s−∼− ≤ s−,s− ⇝ s−∼− = s−∼ → s−∼ = 1. Then
s− ≤ s−∼−, s− = s−∼−. Similarly, we get that s∼ = s∼−∼.
(4) By (1), s− → t− ≤ (s− → t−)∼−. By (M18), (s− → t−)∼− ⇝ (s− → t−) =
s− → ((s− → t−)∼− ⇝ t−) = s− → (t → (s− → t−)∼−∼) = s− → (t → (s− →
t−)∼) = s− → ((s− → t−) ⇝ t−) = (s− → t−) ⇝ (s− → t−) = 1. Thus (s− →
t−)∼− ≤ s− → t−. Therefore, (s− → t−)∼− = s− → t−. Also, we can prove
(s∼ ⇝ t∼)−∼ = s∼ ⇝ t∼.
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Definition 2.11. [14] Let M be a pseudo equality algebra. For all s, t ∈ M , if
1 is a unique upper bound of the set {s → t, t → s} and {s ⇝ t, t ⇝ s}, i.e.,
(s → t) ∨ (t → s) = 1 = (s⇝ t) ∨ (t⇝ s), then we call M is prelinear.
Proposition 2.12. [14] Let M be a prelinear pseudo equality algebra. For all s, t ∈
M , the following properties hold,
(1) (s ∧ t) → w = (s → w) ∨ (t → w) and (s ∧ t)⇝ w = (s⇝ w) ∨ (t⇝ w),
(2) s → (t ∧ w) = (s → t) ∧ (s → w) and s⇝ (t ∧ w) = (s⇝ t) ∧ (s⇝ w).
Definition 2.13. [7] Let M be a pseudo equality algebra and g ∈ M . The g is called
invariant, if it fulfills the condition,

g ≤ t implies g ∽ t = 1 = t ∼ g for all t ∈ M .

3 Ideals on pseudo equality algebras
In this section, we will introduce the definition of ideals and their generating formula,
as well as discuss the relationships between ideals and filters. Additionally, we will
derive congruence relations by ideals.
Definition 3.1. Let M be a bounded pseudo equality algebra, ∅ ̸= T ⊆ M . The T
is called a left ideal, if it fulfills the following conditions,
(MT1) for every s, t ∈ M , s ≤ t and t ∈ T imply s ∈ T ,
(MT2) for every s, t ∈ T , s∼ → t ∈ T .

T is called a right ideal, if it fulfills the following conditions,
(MT1) for every s, t ∈ M , s ≤ t and t ∈ T imply s ∈ T ,
(MT3) for every s, t ∈ T , s− ⇝ t ∈ T .

If T is the left ideal of M and also the right ideal of M , we call T an ideal of M .
Suppose that M is a pseudo equality algebra. Denote the set of all ideals of M

by I(M). If M ̸= T ∈ I(M), then T is said to be a proper ideal.
Example 3.2. [7] Let M = {0, i, j, 1} be a chain with 0 < i < j < 1. The operations
∽ and ∼ on M given as follows,

Table 1: Cayley table for the binary operation “∼"

∼ 0 i j 1
0 1 j j 0
i 1 1 j i
j 1 1 1 j
1 1 1 1 1
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Table 2: Cayley table for the binary operation “∽"

∽ 0 i j 1
0 1 1 1 1
i j 1 1 1
j 0 i 1 1
1 0 i j 1

After calculations, we can observe that M is a JK-algebra. T1 = {0}, T2 = {0, i}
and M are the ideals.

Let {Tλ : λ ∈ Λ} be a family of ideals, then ∩λ∈ΛTλ is an ideal, however ∪λ∈ΛTλ

is not necessarily an ideal in general.
Example 3.3. Let M = {0, i, j, 1} in which the Hasse diagram and the operations
∽ and ∼ on M given as follows,

1

i j

0

Figure 1: Hasse Diagram of M

Table 3: Cayley table for the binary operation “∼"

∼ 0 i j 1
0 1 j i 0
i j 1 j i
j i j 1 j
1 0 i j 1

∽ 0 i j 1
0 1 j 1 j
i j 1 j i
j i i 1 j
1 0 i j 1
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Table 4: Cayley table for the binary operation “∽"

After calculations, we can observe that M is a JK-algebra. T1 = {0}, T2 = {0, i},
T3 = {0, j} and T4 = M are the ideals. But T1 ∪ T2 = {0, i, j} is not an ideal, since
i∼ → j = j → j = 1 /∈ T1 ∪ T2 and j− ⇝ i = i⇝ i = 1 /∈ T1 ∪ T2.

Example 3.4. Let M = {0, i, j, k, 1} in which the Hasse diagram and the operations
∽ and ∼ on M given as follows,

1

j k

i

0

Figure 2: Hasse Diagram of M

Table 5: Cayley table for the binary operation “∼"

∼ 0 i j k 1
0 1 k 0 j 0
i 1 1 i j i
j 1 1 1 j j
k 1 1 k 1 k
1 1 1 1 1 1

∽ 0 i j k 1
0 1 1 1 1 1
i j 1 1 1 1
j i k 1 k 1
k i i j 1 1
1 0 i j k 1
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Table 6: Cayley table for the binary operation “∽"

After calculations, we can observe that M is a JK-algebra. T1 = {0}, T2 = {0, i}
are the ideals. T3 = {0, i, j} is not an ideal, since j∼ → j = j → j = 1 /∈ T3 and
j− ⇝ j = 0 ⇝ j = 1 /∈ T3. T4 = {0, i, k} is not an ideal, since k∼ → k = a → k =
1 /∈ T4 and k− ⇝ k = j ⇝ k = k ∈ T4.

Theorem 3.5. Let M be a bounded good pseudo equality algebra and T ⊆ M . Then
T ∈ I(M) iff it fulfills the following conditions,
(MT4) 0 ∈ T ,
(MT5) for every s, t ∈ M , s ∈ T and (s− ⇝ t−)∼ ∈ T imply t ∈ T .
T ∈ I(M) iff it fulfills (MT4) and the condition,
(MT6) for every s, t ∈ M , s ∈ T and (s∼ → t∼)− ∈ T imply t ∈ T .

Proof. (⇒) Suppose that T ∈ I(M). Since ∅ ̸= T ⊆ M , then there exists s ∈ M ,
such that s ∈ T . Since M is bounded, then we have 0 ≤ s. By (MT1), 0 ∈ T .
Assume that s, (s− ⇝ t−)∼ ∈ T . By (MT2), (s∼ → (s− ⇝ t−)∼) ∈ T . By (M18),
((s− ⇝ t−)⇝ s∼−) ∈ T .

t → ((s− ⇝ t−)⇝ s∼−) = (s− ⇝ t−)⇝ (t → s∼−)
= (s− ⇝ t−)⇝ (t → s−∼)
= (s− ⇝ t−)⇝ (s− ⇝ t−)
= 1.

By (M12), t ≤ (s− ⇝ t−)⇝ s∼−. By (MT1), we can get that t ∈ T .
(⇐) Let s ≤ t and t ∈ T , for s, t ∈ M . Then t− ≤ s−, thus (t− ⇝ s−)∼ = 0 ∈ T .
Since t ∈ T and (MT5), we have s ∈ T . If s∼− ∈ T and T ∈ I(M), then s ∈ T by
Proposition 2.10. Let s ∈ T , by (M12),(M13) and (M15), (s∼ → s∼−∼)− = 1− =
0 ∈ T , we conclude that s∼− ∈ T . Let s, t ∈ T , by (M15) and (M16),

(t− ⇝ (s∼ → t)−)− ≤ ((s∼ → t)⇝ t)− ≤ s∼−.

Since s ∈ T , we have s∼− ∈ T and so (t− ⇝ (s∼ → t)−)− ∈ T . By (MT2),
s∼ → t ∈ T . Similarly, by (MT3), we get that (MT6).

Let (M, ∧, ∼,∽, 1) be a bounded pseudo equality algebra and Q ⊆ M . We
denote,

D(Q) = {s ∈ M |s− ∈ Q}, E(Q) = {s ∈ M |s∼ ∈ Q}
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Proposition 3.6. Let M be a bounded pseudo equality algebra. Then the following
hold,
(1) if M is good and T ∈ I(M), then D(T ) and E(T ) are the filters of M ,
(2) if M is involutive and J ∈ F (M), then D(J) and E(J) are the ideals of M .

Proof. (1) By (MT4), 0 ∈ T . Since 1 = 0−, we have 1 ∈ D(T ). Let s, s → t ∈ D(T ),
for s, t ∈ M . Then (s → t)− ∈ T , s− ∈ T . By (M16), (s → t) ≤ (t → 0)⇝ (s → 0)
and we also have (t− ⇝ s−)− ≤ (s → t)− ∈ T . Hence, (t− ⇝ s−)− ∈ T . By
Proposition 2.10, we have (t− ⇝ s−∼−)− ∈ T . By (M18), (s−∼ → t−∼)− ∈ T .
Since s− ∈ T and T ∈ I(M), we get that t− ∈ T by (MT5). Thus t ∈ D(T ). We
can conclude that D(T ) ∈ F (M). By the similar way, let s, s ⇝ t ∈ M(T ), for
s, t ∈ M , we have t∼ ∈ T . Hence, t ∈ M(T ). We can conclude that E(T ) ∈ F (M).
(2) Since 1 ∈ J , we have 0 = 1− ∈ D(J). Let s, (s− ⇝ t−)∼ ∈ D(J), for s, t ∈ M .
Then s− ∈ J and (s− ⇝ t−)∼− ∈ J . Since M is involutive, we have s− ⇝ t− =
(s− ⇝ t−)∼−. Thus s− ⇝ t− ∈ J . Since J ∈ F (M) and s− ∈ J , we get that
t− ∈ J . Hence, t ∈ D(J). We can conclude that D(J) ∈ I(M). By the similar way,
let s, (s∼ → t∼)− ∈ E(J), for s, t ∈ M , we have t∼ ∈ J . Hence, t ∈ E(J). We can
conclude that, E(J) ∈ I(M).

Example 3.7. In Example 3.2, M = {0, i, j, 1} is a JK-algebra, which is not good,
since i−∼ = 0 ̸= j = i∼−. Routine calculations show that T = {0, i} ∈ I(M), after
calculations, we obtain that D(T ) = {1} ∈ F (M), E(T ) = {j, 1} /∈ F (M), since
j ∈ E(T ), j ⇝ i = j ∈ E(T ), but i /∈ E(T ).

Example 3.8. In Example 3.4, M = {0, i, j, k, 1} is a JK-algebra, which is not
involutive, since i∼− = 0 ̸= i. Routine calculations show that J = {j, 1} ∈ F (M),
after calculations, we obtain that D(J) = {0, k} /∈ I(M) and E(J) = {0, i} ∈ I(M).

Proposition 3.9. Let M be an involutive pseudo equality algebra. Then the follow-
ing properties hold for any s, t, w ∈ M ,
(1) s∼ → t = t− ⇝ s,
(2) s∼ → (t∼ → w) = (s∼ → t)∼ → w, s− ⇝ (t− ⇝ w) = (s− ⇝ t)− ⇝ w.

Proof. (1) By (M18), we have

s∼ → t = s∼ → t−∼

= s∼ → (t− ⇝ 0)
= t− ⇝ (s∼ → 0)
= t− ⇝ s∼− = t− ⇝ s.
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(2) By (1) and (M18), we have

s∼ → (t∼ → w) = s∼ → (w− ⇝ t)
= w− ⇝ (s∼ → t)
= (s∼ → t)∼ → w.

Also, we can prove s− ⇝ (t− ⇝ w) = (s− ⇝ t)− ⇝ w.

Suppose that M is an involutive pseudo equality algebra and ∅ ̸= A ⊆ M . The
smallest ideal of M containing A is called the ideal generated by A and is denoted
by < A >.

Theorem 3.10. Let M be an involutive pseudo equality algebra and ∅ ̸= A ⊆ M .
Then
< A >= {a ∈ M | a ≤ (· · · ((s∼

1 → s2)∼ → s3)∼ · · · → sn), for some n ∈ N and
s1, s2, · · · , sn ∈ A} (*)
= {a ∈ M | a ≤ (· · · ((s−

1 ⇝ s2)− ⇝ s3)− · · · ⇝ sn), for some n ∈ N and
s1, s2, · · · , sn ∈ A} (**)

Proof. Let S = {a ∈ M | a ≤ (· · · ((s∼
1 → s2)∼ → s3)∼ · · · → sn), for some n ∈ N

and s1, s2, · · · , sn ∈ A}. For any a ∈ A, exist s1 = a ∈ A and n = 1, such that
s∼

1 → a = a∼ → a ≥ a∼− ≥ a, so a ∈ S. Hence A ⊆ S. Since 0 ∈ S, then S ̸= ∅.
Assume that b, c ∈ M , b ≤ c and c ∈ S. Since c ∈ S, then there exist n ∈ N and
s1, s2, · · · , sn ∈ A such that c ≤ (· · · ((s∼

1 → s2)∼ → s3)∼ · · · → sn). It follows from
b ≤ c that b ≤ (· · · ((s∼

1 → s2)∼ → s3)∼ · · · → sn). Thus b ∈ S. Assume that
b, c ∈ S, then there exist n ∈ N and s1, s2, · · · , sn ∈ A, t1, t2, · · · , tn ∈ A, satisfying
b ≤ (· · · ((s∼

1 → s2)∼ → s3)∼ · · · → sn) and c ≤ (· · · ((t∼
1 → t2)∼ → t3)∼ · · · → tn),

thus (· · · ((s∼
1 → s2)∼ → s3)∼ · · · → sn)∼ ≤ b∼. Hence,

b∼ → c ≤ (· · · ((s∼
1 → s2)∼ → s3)∼ · · · → sn)∼ → c

≤ (· · · ((s∼
1 → s2)∼ → s3)∼ · · · → sn)∼ → (· · · ((t∼

1 → t2)∼ → t3)∼ · · · → tn)
= (· · · ((s∼

1 → s2)∼ → s3)∼ · · · → sn)∼ → (· · · t∼
1 → (t∼

2 · · · → (t∼
n−1 → tn)))

= ((· · · ((s∼
1 → s2)∼ → s3)∼ · · · → sn)∼ → t1)∼ → (· · · t∼

2 · · · → (t∼
n−1 → tn))

= . . . = ((· · · ((s∼
1 → s2)∼ → s3)∼ · · · → sn)∼ → t1)∼ · · · → tn,

and thus b∼ → c ∈ S. Therefore, S ∈ I(M). For any a ∈ S, exist s1, s2, · · · , sn ∈
A ⊆ T such that a ≤ (· · · ((s∼

1 → s2)∼ → s3)∼ · · · → sn). Since A ⊆ T and
T ∈ I(M), then (· · · ((s∼

1 → s2)∼ → s3)∼ · · · → sn) ∈ T and a ∈ T . Hence S ⊆ T .
Also, we can prove (**).

Note that (nt)→ = t∼ → (t∼ · · · → (t∼ → t)), (nt)⇝ = t− ⇝ (t− · · ·⇝ (t− ⇝ t)).
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Proposition 3.11. Let M be an involutive lattice pseudo equality algebra and T ∈
I(M), t ∈ M . Then < T ∪ {t} >= {a ∈ M | a ≤ s∼

1 → (s∼
2 · · · → (s∼

n → (nt)→)),
for some n ∈ N and s1, s2, · · · , sn ∈ T} ∪ {a ∈ M | a ≤ t∼ → (t∼ · · · → (t∼ → s)),
s ∈ T} (***)
= {a ∈ M | a ≤ s−

1 ⇝ (s−
2 · · · ⇝ (s−

n ⇝ (nt)⇝)), for some n ∈ N and s1, s2, · · · ,
sn ∈ T} ∪ {a ∈ M | a ≤ t− ⇝ (t− · · ·⇝ (t− ⇝ s)), s ∈ T}. (****)

Proof. Let S = {a ∈ M | a ≤ s∼
1 → (s∼

2 · · · → (s∼
n → (nt)→)), for some n ∈ N

and s1, s2, · · · , sn ∈ T} ∪ {a ∈ M | a ≤ t∼ → (t∼ · · · → (t∼ → s)), s ∈ T}.
For any t ∈ M , exist s = t ∈ T and a = t, such that t∼ · · · → (t∼ → t) ≥
t∼ → (t∼ → t) ≥ t∼ → t ≥ t, so t ∈ S. Hence {t} ⊆ S. For any a ∈ T , exist
s1 = a ∈ T , t = 0 ∈ T and n = 1, such that s1 → 0 = a∼− ≥ a, so a ∈ S.
Hence T ⊆ S. Therefore, we have (T ∪ {t}) ⊆ S and 0 ∈ S. Now we prove that
S ∈ I(M). Assume that b, c ∈ M with b ≤ c and c ∈ S. Then there exist n ∈ N ,
s ∈ T and s1, s2, · · · , sn ∈ T such that c ≤ s∼

1 → (s∼
2 · · · → (s∼

n → (nt)→)) or
c ≤ t∼ → (t∼ · · · → (t∼ → s)). Therefore, b ≤ c ≤ s∼

1 → (s∼
2 · · · → (s∼

n → (nt)→))
or b ≤ c ≤ t∼ → (t∼ · · · → (t∼ → s)). Hence b ∈ S. Let b, c ∈ S, then there
exist s, k ∈ T , n, m ∈ N , s1, s2, · · · , sn ∈ T and k1, k2, · · · , km ∈ T satisfying
b ≤ s∼

1 → (s∼
2 · · · → (s∼

n → (nt)→)) or b ≤ t∼ → (t∼ · · · → (t∼ → s)) and
c ≤ k∼

1 → (k∼
2 · · · → (k∼

m → (mt)→)) or c ≤ t∼ → (t∼ · · · → (t∼ → k)).
Case 1, if b ≤ s∼

1 → (s∼
2 · · · → (s∼

n → (nt)→)) and c ≤ k∼
1 → (k∼

2 · · · → (k∼
m →

(mt)→)), then by Proposition 2.3, we have
b∼ → c ≤ (s∼

1 → (s∼
2 · · · → (s∼

n → (nt)→)))∼ → c
≤ (s∼

1 → (s∼
2 · · · → (s∼

n → (nt)→)))∼ → (k∼
1 → (k∼

2 · · · → (k∼
m → (mt)→)))

= s∼
1 → ((s∼

2 · · · → (s∼
n → (nt)→))∼ → (k∼

1 → (k∼
2 · · · → (k∼

m → (mt)→))))
= . . . = s∼

1 → (s∼
2 · · · → (((nt)→)∼ → (k∼

1 → (k∼
2 · · · → (k∼

m → (mt)→))))).
Hence, b∼ → c ∈ S.
Case 2, if b ≤ s∼

1 → (s∼
2 · · · → (s∼

n → (nt)→)) and c ≤ t∼ → (t∼ · · · → (t∼ → k)),
then we have
b∼ → c ≤ (s∼

1 → (s∼
2 · · · → (s∼

n → (nt)→)))∼ → t∼ → (t∼ · · · → (t∼ → k))
= s∼

1 → ((s∼
2 · · · → (s∼

n → (nt)→))∼ → (t∼ · · · → (t∼ → k)))
= . . . = s∼

1 → (s∼
2 · · · → (((nt)→)∼ → (t∼ · · · → (t∼ → k)))).

Hence, b∼ → c ∈ S.
Other cases are analogous to the Case 1 and Case 2. Hence, S ∈ I(M).

Now, let B ∈ I(M) with (T ∪ {t}) ⊆ B, for each b ∈ S. Then there exist n ∈ N ,
s ∈ T and s1, s2, · · · , sn ∈ T such that b ≤ s∼

1 → (s∼
2 · · · → (s∼

n → (nt)→)) or
b ≤ t∼ → (t∼ · · · → (t∼ → s)). Since B ∈ I(M) and (T ∪ {t}) ⊆ B, then there exist
n ∈ N , s ∈ B and s1, s2, · · · , sn ∈ B such that b ≤ s∼

1 → (s∼
2 · · · → (s∼

n → (nt)→)) ∈
B and t∼ → (t∼ · · · → (t∼ → s)) ∈ B. Hence, b ∈ B and thus S ⊆ B. Similarly, we
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can prove (****).

Proposition 3.12. Let M be an involutive lattice pseudo equality algebra and T ∈
I(M), d, g ∈ M . Then < T ∪ {d} > ∩ < T ∪ {g} >=< T ∪ {d ∧ g} >.

Proof. The proof is similar to Proposition 3.11.

A subset θ ⊆ M × M is called a congruence of M , if it is an equivalence relation
and for all s1, t1, s2, t2 ∈ M such that (s1, t1), (s2, t2) ∈ θ the following hold,
(CG1) (s1 ∧ s2, t1 ∧ t2) ∈ θ,
(CG2) (s1 ∼ s2, t1 ∼ t2) ∈ θ,
(CG2) (s1 ∽ s2, t1 ∽ t2) ∈ θ.
Denote the set of all congruences of M by Con(M) .

Theorem 3.13. Let M be a bounded involutive pseudo equality algebra and T ∈
I(M). The binary relation ⌢T on M is defined by

s ⌢T t iff (s− ⇝ t−)∼ ∈ T and (t− ⇝ s−)∼ ∈ T , (s∼ → t∼)− ∈ T and
(t∼ → s∼)− ∈ T .

Then ⌢T is an equivalence relation on M .

Proof. For every s ∈ M and by (M13), (s− ⇝ s−)∼ = 0 ∈ T , (s∼ → s∼)− = 0 ∈ T ,
then s ⌢T s. Thus ⌢T is reflexivity. Since the definition of ⌢T , we have ⌢T is
symmetry. Let s, t, w ∈ M , s ⌢T t and t ⌢T w. We have (s− ⇝ t−)∼ ∈ T, (t− ⇝
s−)∼ ∈ T and (t− ⇝ w−)∼ ∈ T, (w− ⇝ t−)∼ ∈ T . By (M16) and (M25),

((s− ⇝ t−)∼− ⇝ (s− ⇝ w−)∼−)∼ = ((s− ⇝ t−)⇝ (s− ⇝ w−))∼

≤ (t− ⇝ w−)∼ ∈ T.

Since T ∈ I(M), we have (s− ⇝ t−)∼ ∈ T . By (MT5), (s− ⇝ w−)∼ ∈ T .
Similarly, (w− ⇝ s−)∼ ∈ T . By the similarly way, we have (s∼ → t∼)− ∈ T and
(t∼ → s∼)− ∈ T . Hence, ⌢T is transitive. So ⌢T is a equivalence relation on
M .

Moerover, by Proposition 2.10, (s− ⇝ s−∼−)∼ = 0 ∈ T and (s−∼− ⇝ s−)∼ =
0 ∈ T , (s∼ → s∼−∼)− = 0 ∈ T and (s∼−∼ → s∼)− = 0 ∈ T . Hence, s ⌢T s−∼.
Similarly, s ⌢T s∼−.

The following example shows that the equivalence relation ⌢T defined in Theo-
rem 3.14 is not a congruence relation.
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Example 3.14. In Example 3.3, we take T = {0, i}. Routine calculations show
that ⌢{0,i}= {(0, 0), (0, i), (i, 0), (j, 1), (1, j), (i, i), (j, j), (1, 1)}. After calculations,
we can see that ⌢{0,i} is not a congruence relation. Note that (0, i), (j, 1) ∈⌢{0,i},
(0 ∽ j, i ∽ 1) = (1, i) /∈⌢{0,i}.

Theorem 3.15. Let M be a symmetric involutive pseudo equality algebra and T ∈
I(M). The binary relation ≈T on M is defined by

s ≈T t iff (s− ∽ t−)∼ and (t− ∽ s−)∼ ∈ T , (s∼ ∼ t∼)− and (t∼ ∼ s∼)− ∈ T .

Then ≈T is a congruence relation on M .

Proof. For every s ∈ M , (s− ∽ s−)∼ = 0 ∈ T , (s∼ ∼ s∼)− = 0 ∈ T , s ≈T s.
Thus ≈T is reflexivity. Since the definition of ≈T , we have ≈T is symmetry. Let
s, t, w ∈ M , s ≈T t and t ≈T w, we get that (s− ∽ t−)∼, (t− ∽ s−)∼ ∈ T and
(t− ∽ w−)∼, (w− ∽ t−)∼ ∈ T . By (M6), (M7), (M8) and (M25),

((s− ∽ t−)∼− ⇝ (s− ∽ w−)∼−)∼ ≤ ((s− ∽ t−)∼− ∽ (s− ∽ w−)∼−)∼

= ((s− ∽ t−) ∽ (s− ∽ w−))∼

≤ (t− ∽ w−)∼ ∈ T.

Since (t− ∽ w−)∼ ∈ T , we get that ((s− ∽ t−)∼− ⇝ (s− ∽ w−)∼−)∼ ∈ T . Since
(s− ∽ t−)∼ ∈ T and (MT5), we have (s− ∽ w−)∼ ∈ T . Similarly,

((t− ∽ s−)∼− ⇝ (w− ∽ s−)∼−)∼ ≤ ((t− ∽ s−)∼− ∽ (w− ∽ s−)∼−)∼

= ((t− ∽ s−) ∽ (w− ∽ s−))∼

= ((w− ∽ s−) ∼ (t− ∽ s−))∼

≤ (w− ∽ t−)∼ ∈ T.

By the similarly way, (s∼ ∼ w∼)− and (w∼ ∼ s∼)− ∈ T . Thus ≈T is transitive. So
we have ≈T is an equivalence relation on M . Assume that s, t, w ∈ M , s ≈T t, then
(s− ∽ t−)∼, (t− ∽ s−)∼ ∈ T . By (M5), (M6) and (M7),

((s ∧ w)− ∽ (t ∧ w)−)∼ ≤ ((s ∧ w) ∼ (t ∧ w))∼

≤ (s ∼ t)∼

= (s−∼ ∼ t−∼)∼

≤ (s− ∽ t−)∼ ∈ T,

((t ∧ w)− ∽ (s ∧ w)−)∼ ≤ ((t ∧ w) ∼ (s ∧ w))∼

≤ (t ∼ s)∼

= (t−∼ ∼ s−∼)∼

≤ (t− ∽ s−)∼ ∈ T.
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Hence, ((s∧w)− ∽ (t∧w)−)∼, ((t∧w)− ∽ (s∧w)−)∼ ∈ T . By the similarly way, we
have ((s ∧ w)∼ ∼ (t ∧ w)∼)−, ((t ∧ w)∼ ∼ (s ∧ w)∼)− ∈ T . Thus (s ∧ w) ≈T (t ∧ w).
Moreover, by (M6) and (M7),

((s ∼ w)− ∽ (t ∼ w)−)∼ ≤ ((s ∼ w) ∼ (t ∼ w))∼

≤ (s ∼ t)∼

= (s−∼ ∼ t−∼)∼

≤ (s− ∽ t−)∼ ∈ T,

((t ∼ w)− ∽ (s ∼ w)−)∼ ≤ ((t ∼ w) ∼ (s ∼ w))∼

≤ (t ∼ s)∼

= (t−∼ ∼ s−∼)∼

≤ (t− ∽ s−)∼ ∈ T.

Hence, ((s ∼ w)− ∽ (t ∼ w)−)∼, ((t ∼ w)− ∽ (s ∼ w)−)∼ ∈ T . By the similarly
way, we have ((s ∽ w)∼ ∼ (t ∽ w)∼)−, ((t ∽ w)∼ ∼ (s ∽ w)∼)− ∈ T . Thus
(s ∼ w) ≈T (t ∼ w).
By (M6) and (M7),

((s ∽ w)− ∽ (t ∽ w)−)∼ ≤ ((s ∽ w) ∽ (t ∽ w))∼

≤ (s ∽ t)∼

= (t ∼ s)∼

= (t−∼ ∼ s−∼)∼

≤ (t− ∽ s−)∼ ∈ T,

Hence, ((s ∽ w)− ∽ (t ∽ w)−)∼, ((t ∽ w)− ∽ (s ∽ w)−)∼ ∈ T . By the similarly
way, we have ((s ∽ w)∼ ∽ (t ∽ w)∼)−, ((t ∽ w)∼ ∽ (s ∽ w)∼)− ∈ T . Thus
(s ∽ w) ≈T (t ∽ w).
Therefore, ≈T is a congruence relation on M .

Example 3.16. [6] Let M = {0, i, j, 1} in which the Hasse diagram and the opera-
tions ∽ and ∼ on M given as follows,

Table 7: Cayley table for the binary operation “∼"

∼ 0 i j 1
0 1 j i 0
i 1 1 i i
j 1 j 1 j
1 1 1 1 1
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1

i j

0

Figure 3: Hasse Diagram of M

Table 8: Cayley table for the binary operation “∽"

∽ 0 i j 1
0 1 1 1 1
i j 1 i i
j i i 1 1
1 0 i j 1

After calculations, we can observe that M is a JK-algebra, which is involutive,
not symmetric, since i ∽ j = i ̸= j = j ∼ i. T1 = {0, i} is an ideal of M . Rou-
tine calculations show that ≈T1= {(0, 0), (0, i), (i, 0), (j, 1), (1, j), (i, i), (j, j), (1, 1)}
is an equivalence relation, which is not a congruence relation on M . Note that
(0, i), (j, j) ∈≈T1, (0 ∽ j, i ∽ j) = (1, i) /∈≈T1.

Let (M, ∧, ∼,∽, 1) be a symmetric involutive pseudo equality algebra and T ∈
I(M). Define M/T := {[s] | s ∈ M}, [s] = {t ∈ M | s ≈T t}. For any s, t ∈ M , the
operations ∧T , ∽T , ∼T are defined by,

[s] ∧T [t] = [s ∧ t], [s] ∽T [t] = [s ∽ t], [s] ∼T [t] = [s ∼ t].

Theorem 3.17. Let (M, ∧, ∼,∽, 1) be a symmetric involutive pseudo equality alge-
bra and T ∈ I(M). Then (M/T, ∧T , ∼T ,∽T , 1/T ) is a symmetric involutive pseudo
equality algebra.

Proof. The proof is obvious.

Proposition 3.18. Let M be a bounded pseudo equality algebra and T ∈ I(M).
Then the following hold,
(i) if M is involutive and 0 is invariant, then [0]T = {s ∈ M | s ≈T 0} ∈ I(M),
(ii) if σ is a congruence on M , then [0]σ = {(s, 0) ∈ σ} ∈ I(M).
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Proof. (i)
[0]T = {s ∈ M | s ≈T 0}

= {(s ∈ M) | (s− ∽ 0−)∼, (0− ∽ s−)∼ ∈ T}.

By (M3), (0− ∽ s−)∼ = (1 ∽ s−)∼. Since M is involutive, s−∼ = s ∈ T . By (M8),
s− ∽ 0− = s− ∽ 1 ≤ s− ⇝ 1 = 1. Since M is bounded, 0 ≤ s. By (M21), (M23)
and Proposition 2.10, we have

s− ∽ 0− = s− ∽ 1 = 1 ∼ s− = 1 ∼ (s → 0) = 1 ∼ (0 ∼ s) ≥ s ∼ 0 = 1.

Hence, (s− ∽ 0−)∼ = 1∼ = 0 ∈ T .
Thus

[0]T = {s ∈ m | 0 ∈ T, s ∈ T}
= {s ∈ M | s ∈ T}
= T.

Therefore, [0]T ∈ I(M).
(ii) Assume that s, t ∈ M , s ≤ t and t ∈ [0]σ, we have (t, 0) ∈ σ. Since σ is
a congruence, we have (s ∧ t, s ∧ 0) ∈ σ and (s, 0) ∈ σ. Hence, s ∈ [0]σ. Let
s, t ∈ [0]σ. Since (0, 0) ∈ σ, (s ∽ 0, 0 ∽ 0) ∈ σ. We can conclude that (s∼, 1) ∈ σ,
(s∼ ∧ t, 1 ∧ t) ∈ σ and thus (s∼ ∧ t, t) ∈ σ. Since (s∼, 1) ∈ σ and (s∼ ∧ t, t) ∈ σ, we
can conclude that ((s∼ ∧ t) ∼ s∼, t ∼ 1) ∈ σ. Hence ((s∼ ∧ t) ∼ s∼, t) ∈ σ. Since
(t, 0) ∈ σ, we have ((s∼ ∧ t) ∼ s∼, 0) ∈ σ. Thus s∼ → t = (s∼ ∧ t) ∼ s∼ ∈ [0]σ.
Therefore, [0]σ ∈ I(M).

Example 3.19. In Example 3.3, M = {0, i, j, 1} is a JK-algebra, which is involutive,
the element 0 is not invariant, since 0 ∽ i = j ̸= 1. Routine calculations show that
[0]T4 = {0, i, j} /∈ I(M).

Theorem 3.20. Let M be a symmeyric involutive pseudo equality algebra. There
is one-to-one correspondence between I(M) and Con(M).

Proof. Define φ : Con(M) → I(M), φ(σ) = [0]σ. By Proposition 3.18, we have
φ(σ) ∈ I(M). If s ∈ [0]σ1 , then (s, 0) ∈ σ1. Since σ1 = σ2, we have (s, 0) ∈ σ2, and so
s ∈ [0]σ2 . Therefore, [0]σ1 ⊆ [0]σ2 . By the similar way, we conclude that [0]σ2 ⊆ [0]σ1 .
Thus [0]σ1 = [0]σ2 , i.e., φ(σ1) = φ(σ2). Therefore, φ is a well defined mapping. Let
(s, t) ∈ σ. Since σ is a congruence, (s−, t−) ∈ σ and (t−, s−) ∈ σ, i.e., (s− ∽
t−, t− ∽ t−) ∈ σ. Thus (s− ∽ t−, 1) ∈ σ. Hence, ((s− ∽ t−)∼, 1∼) ∈ σ. Therefore,
we have (s− ∽ t−)∼ ∈ [0]σ. Similarly, (t− ∽ s−)∼ ∈ [0]σ. By Proposition 3.18,
we have s ≈[0]σ t, i.e., (s, t) ∈≈[0]σ . Hence, we obtain that σ ⊆≈[0]σ . Conversely,
suppose that (s, t) ∈≈[0]σ , i.e., (s− ∽ t−)∼ ∈ [0]σ and (t− ∽ s−)∼ ∈ [0]σ. Hence,
((s− ∽ t−)∼, 0) ∈ σ. Then ((s− ∽ t−)∼−, 0−) ∈ σ. Since M is symmyric, we get

343



Zhaoping Lu and Xiaolong Xin

that (s− ∽ t−, 1) = (t− ∼ s−, 1) ∈ σ. Furthermore, since σ is a congruence, we
have ((t− ∼ s−) ∽ t−, 1 ∽ t−) ∈ σ and (((t− ∼ s−) ∽ t−) ∧ s−, t− ∧ s−) ∈ σ. Since
s− ≤ (t− ∼ s−) ∽ t−, we have (s−, t−∧s−) ∈ σ. By the similar way, (t−, t−∧s−) ∈ σ.
Since σ is transitive, then (s−∼, t−∼) ∈ σ. Hence, (s, t) ∈ σ and ≈[0]σ ⊆ σ. Therefore,
≈[0]σ = σ. Let σ1, σ2 ∈ Con(M) such that φ(σ1) = φ(σ2). Then [0]σ1 = [0]σ2 , we
have ≈[0]σ1

=≈[0]σ2
. Therefore, σ1 = σ2. Hence, φ is an one-to-one mapping. If

T ∈ I(M), then s ∈ T iff (s− ∽ 0−)∼ = 0 ∈ T , (0− ∽ s−)∼ = s−∼ = s ∈ T iff
s ≈T 0 iff (s, 0) ∈≈T iff s ∈ [0]≈T , so T = [0]≈T . By Theorem 3.16, we have φ is an
onto mapping. Hence, we can get that φ is an onto correspondence between I(M)
and Con(M).

Definition 3.21. Let (M1, ∧1, ∼1,∽1, 1M1) and (M2, ∧2, ∼2,∽2, 1M2) be two pseudo
equality algebras. Then a mapping f : M1 → M2 is called a pseudo equality homo-
morphism, if for all s, t ∈ M1,
(i) f(s ∧1 t) = f(s) ∧2 f(t),
(ii) f(s ∼1 t) = f(s) ∼2 f(t),
(iii) f(s ∽1 t) = f(s) ∽2 f(t).

Lemma 3.22. Let (M1, ∧1, ∼1,∽1, 1M1) and (M2, ∧2, ∼2,∽2, 1M2) be two pseudo
equality algebras and f : M1 → M2 be a pseudo equality homomorphism. Then for
all s, t ∈ M1,
(i) f(s →1 t) = f(s) →2 f(t), f(s⇝1 t) = f(s)⇝2 f(t),
(ii) f(1M1) = 1M2,
(iii) f(s−) = (f(s))−, f(s∼) = (f(s))∼.

Proof. The proof is obvious.

Proposition 3.23. Let f : M1 → M2 be a homomorphism of pseudo equality alge-
bras. The following hold,
(1) if T ∈ I(M2), then f−1(T ) ∈ I(M1),
(2) if f is surjective, and T ∈ I(M1), then f(T ) ∈ I(M2),
(3) if kerf = {s ∈ M1 | f(s) = 0}, then kerf ∈ I(M1).

Proof. (1) Let T ∈ I(M2). Since f(0) = 0 ∈ T , we have 0 ∈ f−1(T ). Suppose that
s ≤ t and t ∈ f−1(T ). Then f(t) ∈ T . Since s → t = 1 and f is a homomorphism,
we obtain that f(s) ≤ f(t). Thus f(s) ∈ T . So s ∈ f−1(T ). Let s, t ∈ f−1(T ),
then f(s), f(t) ∈ T . Since T ∈ I(M2), f(s∼ → t) = (f(s))∼ → f(t) ∈ T . Thus
s∼ → t ∈ f−1(T ) and so f−1(T ) ∈ I(M1).
(2) Let T ∈ I(M1). We have 0 ∈ f(T ). Let s ≤ t and t ∈ f(T ), then there
exists a ∈ T such that f(a) = t. Since s = f(b) ≤ f(a) = t, we have f(1M1) =
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1M2 = f(b) → f(a) = f(b → a). Thus b ≤ a. Moreover, since T ∈ I(M1) and
a ∈ T , we have b ∈ T . Thus s = f(b) ∈ f(T ). Let s, t ∈ f(T ), then there exist
a, b ∈ I such that f(a) = s and f(b) = t. Since T ∈ I(M1), a∼ → b ∈ T . Thus
s∼ → t = (f(a))∼ → f(b) ∈ f(T ). Hence, f(T ) ∈ I(M2).
(3) This is the result of (1).

Theorem 3.24. Let M1, M2 be two involutive pseudo equality algebras and f :
M1 → M2 be a pseudo equality homomorphism. Then M1/kerf ∼= Imf .

Proof. The proof is obvious.

4 Prime ideals on pseudo equality algebras
In this section, we will introduce the definitions of prime ideals and maximal ideals
and discuss related properties.

Definition 4.1. Let (M, ∧, ∼,∽, 1) be a bounded pseudo equality algebra and M ̸=
R ∈ I(M). The R is called a prime ideal, if it fulfills: for any s, t ∈ M , (s → t)∼ ∈ R
or (t → s)∼ ∈ R and (s⇝ t)− ∈ R or (t⇝ s)− ∈ R.

Denote the set of all prime ideals by P (M).

Example 4.2. [7] In Example 3.2, T1 = {0}, T2 = {0, i} and M are the ideals.
After calculations, we can see that T1 and T2 are the prime ideals of M .

Example 4.3. In Example 3.3, after calculations, we can see that T2 = {0, i} and
T3 = {0, j} are the prime ideals of M . T1 = {0} /∈ P (M), since (i → j)∼ = j∼ =
i /∈ T1, (j → i)∼ = i∼ = j /∈ T1.

Example 4.4. In Example 3.4, after calculations, we can see that T2 = {0, i} ∈
P (M). I1 = {0} /∈ P (M), since (j → k)∼ = i∼ = j /∈ T1, (k → j)∼ = j∼ = i /∈ T1.

Theorem 4.5. Let M be a bounded prelinear pseudo equality algebra and M ̸= R ∈
I(M). Then R ∈ P (M) iff for every s, t ∈ M , s ∧ t ∈ R implies s ∈ R or t ∈ R.

Proof. (⇒) Let R ∈ P (M). For s, t ∈ M , (s → t)∼ ∈ R or (t → s)∼ ∈ R and
(s⇝ t)− ∈ R or (t⇝ s)− ∈ R.
Case 1, Let s ∧ t ∈ R and (s → t)∼, (s⇝ t)− ∈ R, for s, t ∈ M . Then by (M16) and
(M20),

((s ∧ t)− ⇝ s−)∼ ≤ (s → (s ∧ t))∼

= (s → t)∼,
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((s ∧ t)∼ → s∼)− ≤ (s⇝ (s ∧ t))−

= (s⇝ t)−.

Since R ∈ P (M), s ∧ t ∈ R and (s → t)∼, (s ⇝ t)− ∈ R, by Theorem 3.5, we have
s ∈ R.
Case 2, the proof is similar to Case 1, if s ∧ t ∈ R and (t → s)∼, (t⇝ s)− ∈ R, then
we have t ∈ R.
Case 3 and Case 4 are analogous to the Case 1 and Case 2. If s ∧ t ∈ R and
(s → t)∼ ∈ R, (t⇝ s)− ∈ R, then s ∈ R and t ∈ R. If s ∧ t ∈ R and (t → s)∼ ∈ P ,
(s⇝ t)− ∈ R, then s ∈ R and t ∈ R.
(⇐) Since M is prelinear, we have (s → t) ∨ (t → s) = 1 = (s ⇝ t) ∨ (t ⇝ s),
for every s, t ∈ M . By Proposition 2.10, (s → t)∼ ∧ (t → s)∼ = 0 ∈ R and
(s ⇝ t)− ∧ (t ⇝ s)− = 0 ∈ R. Hence, (s → t)∼ ∈ R or (t → s)∼ ∈ R and
(s⇝ t)− ∈ R or (t⇝ s)− ∈ R. Therefore, R ∈ P (M).

Theorem 4.6. Let M be a symmetric involutive pseudo equality algebra and R ∈
I(M). Then R ∈ P (M) iff M/R is a chain.

Proof. (⇒) Assume that s, t ∈ M , (s → t)∼ ∈ R or (t → s)∼ ∈ R and (s⇝ t)− ∈ R
or (t ⇝ s)− ∈ R. By Proposition 2.10 and Proposition 3.18, ((s → t)∼− ∽ 0−)∼ =
0, (0− ∽ (s → t)∼−)∼ = (s → t)∼ ∈ R or ((t → s)∼− ∽ 0−)∼ = 0, (0− ∽ (t →
s)∼−)∼ = (t → s)∼ ∈ R and ((s⇝ t)−∼ ∼ 0∼)− = (s⇝ t)−, (0∼ ∼ (s⇝ t)−∼)− =
0 ∈ R or ((t ⇝ s)−∼ ∼ 0∼)− = (t ⇝ s), (0∼ ∼ (t ⇝ s)−∼)− = 0 ∈ R. Thus
[(s → t)∼] = [0] or [(t → s)∼] = [0] and [(s ⇝ t)−] = [0] or [(t ⇝ s)−] = [0].
Hence, [(s → t)∼−] = [0−] or [(t → s)∼−] = [0−] and [(s ⇝ t)−∼] = [0∼] or
[(t ⇝ s)−∼] = [0∼]. Since M is involutive, we have [s → t] = [1] or [t → s] = [1]
and [s ⇝ t] = [1] or [t ⇝ s] = [1]. Thus [s] → [t] = [1] or [t] → [s] = [1] and
[s] ⇝ [t] = [1] or [t] ⇝ [s] = [1]. Therefore, [s] ≤ [t] or [t] ≤ [s]. We can conclude
M/R is a chain.
(⇐) Let M/R be a chain. Then [s] ≤ [t] or [t] ≤ [s]. Thus [s] → [t] = [1] or
[t] → [s] = [1] and [s] ⇝ [t] = [1] or [t] ⇝ [s] = [1]. Hence, ((s → t)∼ ∼ 1∼)−,
(1∼ ∼ (s → t)∼)− ∈ R or ((t → s)∼ ∼ 1∼)−, (1∼ ∼ (t → s)∼)− ∈ R and
((s ⇝ t)− ∽ 1−)∼, (1− ∽ (s ⇝ t)−)∼ ∈ R or ((t ⇝ s)− ∽ 1−)∼, (1− ∽ (t ⇝
s)−)∼ ∈ R. Thus ((s → t)∼)∼− ∈ R or ((t → s)∼)∼− ∈ R and ((s⇝ t)−)−∼ ∈ R or
((t ⇝ s)−)−∼ ∈ R. Since M is involutive, we have (s → t)∼ ∈ R or (t → s)∼ ∈ R
and (s⇝ t)− ∈ R or (t⇝ s)− ∈ R. Therefore, R ∈ P (M).

Proposition 4.7. Let M be a bounded pseudo equality algebra. Then the following
hold,
(1) if M is good and R ∈ P (M), then D(R) and E(R) are the prime filters of M ,
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(2) if M is involutive and K be a prime filter of M , then D(K) and E(K) are the
prime ideals of M .

Proof. The proof is analogous to that of the Proposition 3.6.

Proposition 4.8. Let f : M1 → M2 be a homomorphism of pseudo equality algebras.
The following hold,
(1) if R ∈ P (M2), then f−1(R) ∈ P (M1),
(2) if f is surjective and R ∈ P (M1), then f(R) ∈ M2.

Proof. (1) Let R ∈ P (M2). By Proposition 3.23, f−1(R) is an ideal of M1. Let s, t ∈
P (M1), we have f(s), f(t) ∈ P (M2). Since R ∈ P (M2), then (f(s) → f(t))∼ ∈ R
or (f(t) → f(s))∼ ∈ R and (f(s)⇝ f(t))− ∈ R or (f(t)⇝ f(s))− ∈ R. By Lemma
3.22, f((s → t)∼) ∈ R or f((t → s)∼) ∈ R and f((s⇝ t)−) ∈ R or f((t⇝ s)−) ∈ R.
Thus (s → t)∼ ∈ f−1(R) or (t → s)∼ ∈ f−1(R) and (s ⇝ t)− ∈ f−1(R) or
(t⇝ s)− ∈ f−1(R). Therefore, f−1(R) ∈ P (M1).
(2) Let R ∈ P (M1). By Proposition 3.23, f(R) is an ideal of M2. Let s, t ∈ f(R),
then there exist a, b ∈ R such that f(a) = s and f(b) = t. Since R ∈ P (M1),
(a → b)∼ ∈ R or (b → a)∼ ∈ R and (a⇝ b)− ∈ R or (b⇝ a)− ∈ R. By Lemma 3.22,
(s → t)∼ = (f(a) → f(b))∼ = f((a → b)∼) ∈ f(R) or (t → s)∼ = (f(b) → f(a))∼ =
f((b → a)∼) ∈ f(R) and (s ⇝ t)− = (f(a) ⇝ f(b))− = f((a ⇝ b)−) ∈ f(R) or
(t⇝ s)− = (f(b)⇝ f(a))− = f((b⇝ a)−) ∈ f(R). Therefore, f(R) ∈ P (M2).

Proposition 4.9. Let M be a bounded prelinear pseudo equality algebra and M ̸=
R ∈ I(M). Then R ∈ P (M) iff for any T, Q ∈ I(M), T ∩ Q ⊆ R implies T ⊆ R or
Q ⊆ R.

Proof. (⇒) Let R ∈ P (M), T, Q ∈ I(M) with T ∩ Q ⊆ R. If T ⊈ R and Q ⊈ R,
then there exist s ∈ T \ R and t ∈ Q \ R. Since s ∧ t ≤ s, t, then s ∧ t ∈ T and
s ∧ t ∈ Q. Hence, s ∧ t ∈ T ∩ Q ⊆ R. Thus s ∧ t ∈ R. By Theorem 4.5, s ∈ R or
t ∈ R, which is contradiction. Therefore, T ⊆ R or Q ⊆ R.
(⇐) Let M ̸= R ∈ I(M) and s ∧ t ∈ R for each s, t ∈ M . If s, t /∈ R, then
by Proposition 3.12, < R ∪ {s} > ∩ < R ∪ {t} >=< R ∪ {s ∧ t} >= R. Thus
< R ∪ {s} >⊆ R or < R ∪ {t} >⊆ R. Thus s ∈ R or t ∈ R, which is contradiction.
Hence, R ∈ P (M).

Proposition 4.10. Let M be a pseudo equality algebra and M ̸= R ∈ I(M). If M
is a chain, then R ∈ P (M).

Proof. Let R ∈ I(M). Then for s, t ∈ M , we have s ≤ t or t ≤ s. Suppose that
s ≤ t. Hence, s → t = 1, s ⇝ t = 1. Thus (s → t)∼ = 0 ∈ R, (s ⇝ t)− = 0 ∈ R.
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By the similar way, if t ≤ s, then we have (t → s)∼ = 0 ∈ R, (t ⇝ s)− = 0 ∈ R.
Therefore, R ∈ P (M).
The following example shows that the reverse is not true, if M ̸= R ∈ P (M), M is
not necessarily a chain.

Example 4.11. [21] Let M = {0, i, j, k, 1} in which the Hasse diagram and the
operations ∽ and ∼ on M given as follows,

1

i j

k

0

Figure 4: Hasse Diagram of M

Table 9: Cayley table for the binary operation “∼"

∼ 0 k i j 1
0 1 j j 0 0
k 1 1 j i k
i 1 1 1 i i
j 1 1 j 1 j
1 1 1 1 1 1

Table 10: Cayley table for the binary operation “∽"

∽ 0 k i j 1
0 1 1 1 1 1
k i 1 1 1 1
i 0 j 1 j 1
j i i i 1 1
1 0 k i j 1
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By routine calculations, we get that M is a JK-algebra, T1 = {0}, T2 = M are the
ideals of M . We can prove that T1 is a prime ideal of M .

Definition 4.12. Let M ̸= G ∈ I(M). If no proper ideal strictly contains G, then
G is called a maximal ideal.

Denote the set of all maximal ideals by Max(M).

Example 4.13. In Example 3.3, after calculations, we can see that T2 = {0, i} and
T3 = {0, j} are the maximal ideals of M .

Example 4.14. In Example 3.4, after calculations, we can see that T2 = {0, i} is a
maximal ideal of M .

Theorem 4.15. Let M be an involutive lattice pseudo equality algebra. Then every
maximal ideal of M is a prime ideal.

Proof. Clearly M ̸= G ∈ I(M). Suppose s, t ∈ M with s ∧ t ∈ G. If s /∈ G,
then G ⫋< G ∪ {s} >. Since G is a maximal ideal, we have < G ∪ {s} >= M .
By the similary way. If t /∈ G, < G ∪ {t} >= M . By Proposition 3.12, we have
M =< G ∪ {s} > ∩ < G ∪ {t} >=< G ∪ {s ∧ t} >= G, which is a contradiction.
Thus G ∈ P (M).

Note that, in general, a prime ideal is not necessarily a maximal ideal as shown
by the following example.

Example 4.16. [21] Let M = {0, i, j, m, n, e, f, g, h, 1} in which the Hasse diagram
and the operations ∽ and ∼ on M given as follows,

Table 11: Cayley table for the binary operation “∼"

∼ 0 i j m n e f g h 1
0 1 h g f e n j m i 0
i 1 1 g f e n j m i i
j 1 1 1 f f n j n j j
m 1 1 g 1 g n n m m m
n 1 1 1 1 1 n n n n n
e 1 1 1 1 1 1 g f e e
f 1 1 1 1 1 1 1 f f f
g 1 1 1 1 1 1 g 1 g g
h 1 1 1 1 1 1 1 1 1 h
1 1 1 1 1 1 1 1 1 1 1
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Table 12: Cayley table for the binary operation “∽"

∽ 0 i j m n e f g h 1
0 1 1 1 1 1 1 1 1 1 1
i h 1 1 1 1 1 1 1 1 1
j f f 1 f 1 1 1 1 1 1
m g g g 1 1 1 1 1 1 1
n e e g f 1 1 1 1 1 1
e n n n n n 1 1 1 1 1
f m m n n n g 1 g 1 1
g j j j n n f f 1 1 1
h i i j m n e f g 1 1
1 0 i j m n e f g h 1

1

h

f g

e

n

j m

i

0

Figure 5: Hasse Diagram of M
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By routine calculations, we get that M is an involutive lattice pseudo equality
algebra. Routine calculations show that T1 = {0}, T2 = {0, i, j}, T3 = {0, i, m},
T4 = {0, i, j, m, n} and T5 = M are the ideals of M . After calculations, we obtain
that T2 is a prime ideal of M , but it is not a maximal ideal of M .

Example 4.17. [21] Let M = {0, i, j, m, n, 1} in which the Hasse diagram and the
operations ∽ and ∼ on M given as follows,

1

n

m

i j

0

Figure 6: Hasse Diagram of M

Table 13: Cayley table for the binary operation “∼"

∼ 0 i j m n 1
0 1 n n n 0 0
i 1 1 n n i i
j 1 n 1 n j j
m 1 1 1 1 m m
n 1 1 1 1 1 n
1 1 1 1 1 1 1

Table 14: Cayley table for the binary operation “∽"
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∽ 0 i j m n 1
0 1 1 1 1 1 1
i m 1 m 1 1 1
j m m 1 1 1 1
m m m m 1 1 1
n m m m m 1 1
1 0 i j m n 1

By routine calculations, we get that M is a JK-algebra, which is not involutive, since
i∼− = n ̸= i. Routine calculations show that T1 = {0}, T2 = M are the ideals of
M . T1 = {0} is a maximal ideal of M . After calculations, we obtain that T1 is not
a prime ideal of M , since (i → j)∼ = n∼ = m /∈ T1, (j → i)∼ = n∼ = m /∈ T1.

Proposition 4.18. Let M be a pseudo equality algebra and M ̸= G ∈ I(M). Then
G ∈ Max(M) iff < G ∪ {t} >= M for any t ∈ M and t /∈ G.

Proof. (⇒) If t /∈ G, then G ⫋< G ∪ {t} >⊆ M . Since G ∈ Max(M), we have
< G ∪ {t} >= M .
(⇐) Let W be an ideal of M such that G ⫋ W ⊆ M . Then there exists t ∈ W
with t /∈ G. Hence, we have M =< G ∪ {t} >⊆ W , and so W = M . Therefore,
G ∈ Max(M).

5 Conclusion

In this paper, we first defined ideals on pseudo equality algebras with the operations
of ∼ →, − ⇝, and gave several examples of pseudo equality algebras. We pro-
vided an equivalent characterization of ideals on good pseudo equality algebras and
discussed the relationships between ideals and filters. Next, we presented the gen-
eration formula of ideals on involutive pseudo equality algebras. Then we induced
congruence relations by ideals and constructed quotient pseudo equality algebras.
In particular, we proved that the equivalence class of 0 with respect to the ideal T
can only induce an ideal of M if the pseudo equality algebra is involutive, 0 ∈ M
and 0 is invariant. We introduced the concept of prime ideals and maximal ideals
and showed that if a pseudo equality algebra is a chain, then all its ideals are prime
ideals. We also gave an example to demonstrate that the reverse is not true.

In our future work, we plan to use prime ideals to investigate the topological space
on pseudo equality algebras and use topological structures to study the geometric
properties of pseudo equality algebras.
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1 Introduction

The theory of hyper algebras was first proposed by F. Marty [15] in 1934 at
the 8th Scandinavian Congress of Mathematicians. It refers to an algebraic system
with hyper operations is an extension of the original algebra. The so-called hyper
operation refers to the operation that the combination of two elements is a set
rather than an element. The hyper structure has important practical significance,
for example, pea hybridization, REDOX reaction and other practical problems in
genetics can be abstracted into the models of hyper structures with hyper operations
[9, 10].

As we all know, fuzzy logic is an important tool to deal with uncertain infor-
mation, and non-classical logical algebra is the corresponding algebraic semantics
of fuzzy logic, which plays an important role in the research of fuzzy logic. As
a generalization of non-classical logical algebras, many hyper algebraic structures
have been proposed and studied such as hyper BCK-algebras [12, 13, 17], hyper
K-algebras [11, 24, 25], hyper BF-algebras [16], hyper residuated lattices [1, 26],
hyper EQ-algebras [4, 7] and hyper equality algebras [3, 6], etc. At present, the
hyper algebraic theory has been widely applied in pure mathematics and applied
mathematics [8]. As a generalization of ideals and filters in logical algebras, hyper
ideals and hyper filters are important substructures of hyper algebras which play
important roles in studying the theory of hyper algebras. R.A. Borzooei et al. [2]
introduced the notions of some types of positive implicative hyper BCK-ideals which
are showed different. After that the relationship between these notions and (strong,
weak) hyper BCK-ideals was investigated. A. Borumand Saeid et al. [20, 21] defined
and investigate (weak) implicative, obstinate and maximal hyper K-ideals in hyper
K-algebras. Then they state and prove some theorems which determine the rela-
tionship between these notions and the other hyper K-ideals. R.A. Borzooei et al.
in [1] and [3] respectively studied the hyper filter theory of hyper residuated lattices
and hyper equality algebras, focusing on the equivalent characterization of (posi-
tive) implicative hyper filters. Y.W. Yang et al. [22, 23] studied two kinds of fuzzy
weak hyper deductive systems of hyper residuated lattices and hyper equality alge-
bras respectively, and studied the falling shadow theory on hyper residuated lattices
through fuzzy (positive) implicative hyper deductive systems. As a generalization of
BE-algebra [14, 19], A. Radfar et al. [18] introduced the notion of hyper BE-algebras
which is a generalization of dual hyper K-algebras and dual hyper BCK-algebras.
They gave some related properties and defined (weak) hyper filters in hyper BE-
algebras. Also, they pointed out that hyper filters are weak hyper filters, but the
converse is not true.

Based on the above analysis, as a dual generalization of weak hyper BCK-ideals
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and weak hyper K-ideals in hyper BCK-algebras and hyper K-algebras, this present
paper intends to consider several kinds of weak hyper filters in hyper BE-algebras
so as to further characterize and master the structure of hyper BE-algebras. At the
meantime, it may lay a theoretical foundation for the study of hyper BE-logic.

This paper is organized as follows: in Section 2, we review and give some basic
concepts and results in hyper BE-algebras. In Section 3 and Section 4, we introduce
(positive) implicative weak hyper filters and mainly give some characterizations of
them. In Section 5 we introduce obstinate weak hyper filters in hyper BE-algebras
and deliver some characterizations, and moreover we discuss the relationships be-
tween obstinate weak hyper filters and other types of weak hyper filters.

2 Preliminaries

In this section, we recollect and propose some definitions and results about hyper
BE-algebras which will be used in the following.

Definition 2.1. [18] Let H be a nonempty set and ◦ : H × H → P ∗(H) be a
hyper operation. Then (H, ◦, 1) is called a hyper BE-algebra provided it satisfies the
following axioms:

(HBE1) x ≪ 1 and x ≪ x;
(HBE2) x ◦ (y ◦ z) = y ◦ (x ◦ z);
(HBE3) x ∈ 1 ◦ x;
(HBE4) 1 ≪ x implies x = 1,

for all x, y ∈ H, where the relation ≪ is defined by x ≪ y ⇔ 1 ∈ x ◦ y. For any two
nonempty subsets A and B of H, A ≪ B means that there exist a ∈ A, b ∈ B such
that a ≪ b.

Notice that in any hyper BE-algebra, A ◦ B = ⋃
a∈A,b∈B a ◦ b and A ≤ B means

for any a ∈ A, there exists b ∈ B such that a ≪ b. In what follows, by H denote a
hyper BE-algebra (H, ◦, 1), unless otherwise specified.

Proposition 2.2. [5, 18] For any x, y ∈ H, A, B ⊆ H, we have:
(1) A ◦ (B ◦ C) = B ◦ (A ◦ C);
(2) A ⊆ 1 ◦ A, 1 ∈ A ◦ 1, 1 ∈ A ◦ A;
(3) x ≤ y ◦ x, A ≤ B ◦ A;
(4) A ≪ B iff 1 ∈ A ◦ B;
(5) 1 ∈ A and A ≤ B imply 1 ∈ B;
(6) 1 ≪ A implies 1 ∈ A.
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Definition 2.3. [18] A hyper BE-algebra H is said to be a
(1) R-hyper BE-algebra, if 1 ◦ x = {x} for all x ∈ H;
(2) C-hyper BE-algebra, if x ◦ 1 = {1} for all x ∈ H;
(3) D-hyper BE-algebra), if x ◦ x = {1} for all x ∈ H;
(4) CD-hyper BE-algebra, if H is both a C-hyper BE-algebra and a D-hyper BE-

algebra.

Definition 2.4. [18] By a hyper subalgebra of H we mean a nonempty subset S of
H which satisfies x ◦ y ⊆ S whence x, y ∈ S.

Definition 2.5. [18] A subset F containing 1 of H is said to be a
(1) weak hyper filter if x ◦ y ⊆ F and x ∈ F imply y ∈ F for all x, y ∈ H;
(2) hyper filter if x ◦ y ∩ F ̸= ∅ and x ∈ F imply y ∈ F for all x, y ∈ H.

According to [18] every hyper filter F of H is a weak hyper filter and moreover
it satisfies the condition (F):

(F) x ∈ F and x ≪ y imply y ∈ F for all x, y ∈ H.

Definition 2.6. [5] A nonempty subset S of H is said to be ◦-reflexive if x◦y∩S ̸= ∅
implies x ◦ y ⊆ S for all x, y ∈ H.

Proposition 2.7. Let S be a ◦-reflexive nonempty subset of H.
(1) If A ⊆ S, then 1 ◦ A ⊆ S;
(2) If S satisfies the condition (F ), then S is a hyper subalgebra of H.

Proof. (1) and (2) can be obtained immediately by A ⊆ 1 ◦ A and x ≤ y ◦ x,
respectively.

Proposition 2.8. Let F be a ◦-reflexive weak hyper filter of H. Then
(1) F satisfies the condition (F );
(2) F is a hyper subalgebra of H;
(3) A ∩ F ̸= ∅ and A ≤ B imply B ∩ F ̸= ∅ for any A, B ⊆ H.

Proof. (1) It is trivial.
(2) By (1) and Proposition 2.7.
(3) By (1) and the definition of A ≤ B.

3 Positive implicative weak hyper filters
In this section, we introduce positive implicative weak hyper filters in hyper BE-

algebras, and investigate the relationship between weak hyper filters and positive
implicative weak hyper filters. Moreover we deliver characterizations of positive
implicative weak hyper filters.
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Definition 3.1. A nonempty subset F of H is said to be a positive implicative weak
hyper filter if it satisfies:

(1) 1 ∈ F ;
(2) x ◦ ((y ◦ z) ◦ y) ⊆ F and x ∈ F imply y ∈ F for all x, y, z ∈ H.

Example 3.2. (1) Consider H = {1, a, b} with the operation ◦ defined by the table:

◦ 1 a b
1 {1} {a, b} {b}
a {1} {1, a, b} {b}
b {1, b} {1, a, b} {1, a, b}

Then (H, ◦, 1) is a hyper BE-algebras [18]. One can check that F = {1, a} and
G = {1, b} are two positive implicative weak hyper filters of H.

(2) Consider H = {1, a, b, c, d} with the operation ◦ defined by the table:

◦ 1 a b c d
1 {1, a, b, c} {a} {b} {c} {d}
a {1, a, b, c} {1, a, b, c} {a, b, c} {1, a, b, c} {b}
b {1, a, b, c} {a, b, c} {1, a, b, c} {a, b, c} {a}
c {1, a, b, c} {a, b, c} {1, a, b, c} {1, a, b, c} {a, c}
d {1, a, b, c} {1, a, b, c} {1, a, b, c} {1, a, b, c} {1}

Then routine to check that (H, ◦, 1) is a hyper BE-algebra and F = {1, a, b, c} is
not a positive implicative weak hyper filter of H since a ∈ F , a ◦ ((d ◦ 1) ◦ d) =
{1, a, b, c} ⊆ F , but d /∈ F .

Not every positive implicative weak hyper filter of a hyper BE-algebra is a weak
hyper filter in general.

Example 3.3. Consider H = {1, a, b} with the operation ◦ given by the table:

◦ 1 a b
1 {1} {a} {b}
a {1, b} {1, a, b} {1, a}
b {1, a, b} {a} {1, a, b}

Then (H, ◦, 1) is a hyper BE-algebras [18]. Easy to verify that F = {1, a} is a
positive implicative weak hyper filters of H, but it is not a weak hyper filter since
a ◦ b = {1, a} ⊆ F and a ∈ F while b /∈ F .

In what follows, we provide conditions that a positive implicative weak hyper
filter of a hyper BE-algebra becomes a weak hyper filter.
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Proposition 3.4. Suppose that F is a ◦-reflexive hyper subalgebra of H. If F is a
positive implicative weak hyper filter, then F is a weak hyper filter.
Proof. Let x ∈ F and x ◦ y ⊆ F . It follows from 1 ∈ y ◦ 1 that y ◦ 1 ∩ F ̸= ∅. Since
F is ◦-reflexive, we have y ◦ 1 ⊆ F . Combining that x ◦ y ⊆ F and F is a hyper
subalgebra, it yields that x ◦ ((y ◦ 1) ◦ y) = (y ◦ 1) ◦ (x ◦ y) ⊆ F . Noticing that
x ∈ F and F is a positive implicative weak hyper filter, we can conclude that y ∈ F .
Therefore F is a weak hyper filter.

Example 3.5. Consider H = {1, a, b, c} in which ◦ is defined by the table:
◦ 1 a b c
1 {1, a} {a} {b} {c}
a {1, a} {1, a} {b} {c}
b {1, a} {1, a} {1, a} {c}
c {1, a} {1, a} {1, a} {1, a}

One can check that (H, ◦, 1) is a hyper BE-algebra and F = {1, a, b} is a ◦-reflexive
hyper subalgebra of H. Moreover F is both a weak hyper filter and a positive im-
plicative weak hyper filter.
Remark 3.6. (1) The conditions of Proposition 3.4 are not necessary in general.
In fact, in Example 3.2 (1) F = {1, a} is not ◦-reflexive since 1 ◦ a = {a, b} ∩ F ̸= ∅
while 1 ◦ a ⊈ F , and also it is not a hyper subalgebra since 1 ◦ a = {a, b} ⊈ F .
However F is both a weak hyper filter and a positive implicative weak hyper filter.

(2) The condition of the ◦-reflexivity from Proposition 3.4 is not necessary in
general. Consider the hyper BE-algebra from Example 3.2 (1). It can be verified that
F = {1} is a hyper subalgebra but it is not ◦-reflexive since a ◦ b = {1, a} ∩ F ̸= ∅
while a ◦ b ⊈ F . However F is both a weak hyper filter and a positive implicative
weak hyper filter.

(3) The condition of the hyper subalgebra in Proposition 3.4 is not necessary in
general. Suppose H = {1, a, b, c, d} and the operation ◦ is given by the table:

◦ 1 a b c d
1 {1, d} {a} {b} {c} {d}
a {1, d} {1, d} {b} {c} {d}
b {1, d} {a} {1, d} {c} {d}
c {1, d} {a} {b} {1, d} {d}
d {1, d} {a} {b} {c} {1, d}

Then (H, ◦, 1) is a hyper BE-algebra [11]. One can verify that F = {1, a} is not a
hyper subalgebra since a ◦ a = {1, d} ⊈ F . Moreover F is both a weak hyper filter
and a positive implicative weak hyper filter.
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Proposition 3.7. Suppose that H is a D-hyper (C-hyper) BE-algebra and F is a
◦-reflexive nonempty subset of H. If F is a positive implicative weak hyper filter of
H, then F is a weak hyper filter.

Proof. Let x ∈ F and x ◦ y ⊆ F . Since y ∈ 1 ◦ y then x ◦ y ⊆ x ◦ (1 ◦ y) = 1 ◦ (x ◦ y).
Considering that x◦y ⊆ F and F is ◦-reflexive, it follows from (1) of Proposition 2.7
that 1 ◦ (x ◦ y) ⊆ F . That is, x ◦ ((y ◦ y) ◦ y) = (y ◦ y) ◦ (x ◦ y) ⊆ F (x ◦ ((y ◦ 1) ◦ y) =
(y ◦ 1) ◦ (x ◦ y) ⊆ F ). Again since x ∈ F and F is a positive implicative weak hyper
filter, we can conclude that y ∈ F . It implies that F is a weak hyper filter.

Example 3.8. Suppose H = {a, b, 1} and the operation ◦ is given as follows:

◦ 1 a b
1 {1} {a} {b}
a {1} {1} {b}
b {1} {1, a} {1}

Then (H, ◦, 1) is a CD-hyper BE-algebras [18] and F = {1, a} is a ◦-reflexive subset
of H. It is not difficult to verify that F is both a weak hyper filter and a positive
implicative weak hyper filter.

Remark 3.9. (1) The conditions of Proposition 3.7 are not necessary in general.
In fact, in Example 3.2 (1), H is neither a C-hyper BE-algebra nor a D-hyper BE-
algebra, and moreover G = {1, b} is not ◦-reflexive since b ◦ a = {1, a, b} ∩ G ̸= ∅
can’t imply b ◦ a ⊆ G. However it can easily calculate that G = {1, b} is both a weak
hyper filter and a positive implicative weak hyper filter.

(2) The condition of the ◦-reflexivity in Proposition 3.7 is not necessary in gen-
eral. Consider H = {a, b, 1} with the operation ◦ given as follows:

◦ 1 a b
1 {1} {a, b} {b}
a {1} {1, a} {1, b}
b {1} {1, a, b} {1}

Then (H, ◦, 1) is a C-hyper BE-algebras [18]. One can check that F = {1, a} is
both a weak hyper filter and a positive implicative weak hyper filters, but F is not
◦-reflexive since a ◦ b = {1, b} ∩ F ̸= ∅ while a ◦ b ⊈ F .

(3) The condition of the C-hyper (D-hyper) BE-algebra in Proposition 3.7 is not
necessary in general. Consider Remark 3.6 (3), H is neither a C-hyper BE-algebra
nor a D-hyper BE-algebra. It is easily verified that F = {1, d} is ◦-reflexive, and
moreover F is both a weak hyper filter and a positive implicative weak hyper filter.
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In general, not every weak hyper filter of a hyper BE-algebra is a positive im-
plicative weak hyper filter. Let us see the following example.

Example 3.10. Consider H = {1, a, b, c} and the operation ◦ is given by the fol-
lowing table:

◦ 1 a b c
1 {1} {a} {b} {c}
a {1} {1} {a} {b, c}
b {1} {1} {1} {1}
c {1} {1} {a} {1, b, c}

Then (H, ◦, 1) is a hyper BE-algebra [18]. It can be verified that F = {1, a} is
a weak hyper filter, however it is not a positive implicative weak hyper filter since
a ◦ ((b ◦ 1) ◦ b) = {a} ⊆ F and a ∈ F while b /∈ F .

The converse of Proposition 3.4 and Proposition 3.7 are not true in general and
see the following example.

Example 3.11. (1) Consider the hyper BE-algebra from Example 3.5. One can
check that F = {1, a} is a ◦-reflexive hyper subalgebra and moreover it is a weak hyper
filter, however, it is not a positive implicative weak hyper filter since 1◦ ((b◦ c)◦ b) =
{1, a} ⊆ F and 1 ∈ F while b /∈ F .

(2) Suppose H = {1, a, b, c} and the operation ◦ is given as the following table:

◦ 1 a b c
1 {1} {a} {b} {c}
a {1} {1} {1} {1}
b {1} {a} {1, b} {c}
c {1} {a} {1, b} {1, b}

Then (H, ◦, 1) is a C-hyper BE-algebra [11]. It is routine to verify that F = {1, b}
is a ◦-reflexive subset and moreover it is a weak hyper filter. However, F is not a
positive implicative weak hyper filter since 1◦ ((c◦a)◦ c) = {1} ⊆ F and 1 ∈ F while
c /∈ F .

In the following, we give characterizations of positive implicative weak hyper
filters in hyper BE-algebras. In the meanwhile, we find the conditions that weak
hyper filters of hyper BE-algebras become positive implicative weak hyper filters.

Theorem 3.12. Let F be a ◦-reflexive weak hyper filter of H. Then the following
are equivalent:
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(1) F is a positive implicative weak hyper filter;
(2) (x ◦ y) ◦ x ⊆ F implies x ∈ F for all x, y ∈ H;
(3) z ∈ F and (x ◦ y) ◦ (z ◦ x) ⊆ F imply x ∈ F for all x, y ∈ H.

Proof. (1) ⇒ (2) Assume (1) holds and (x ◦ y) ◦ x ⊆ F for any x, y ∈ H. Since
(x ◦ y) ◦ x ⊆ 1 ◦ ((x ◦ y) ◦ x), (x ◦ y) ◦ x ⊆ F and F is ◦-reflexive, it follows from
(1) of Proposition 2.7 that 1 ◦ ((x ◦ y) ◦ x) ⊆ F . Considering that 1 ∈ F and F is a
positive implicative weak hyper filter, we can obtain x ∈ F , which shows (2).

(2) ⇒ (3) Assume that (2) holds and z ∈ F, (x◦y)◦ (z ◦x) ⊆ F for any x, y ∈ H.
Then z ◦ ((x ◦ y) ◦ x) = (x ◦ y) ◦ (z ◦ x) ⊆ F . Since z ∈ F and F is a weak hyper
filter, we have (x ◦ y) ◦ x ⊆ F and thus using (2) it follows that x ∈ F , which shows
(3).

(3) ⇒ (1) Assume that (3) holds and x ∈ F, x◦ ((y ◦z)◦y) ⊆ F for any x, y ∈ H.
Then (y ◦ z) ◦ (x ◦ y) = x ◦ ((y ◦ z) ◦ y) ⊆ F . Since x ∈ F and hence from (3) we get
y ∈ F . It proves that F is a positive implicative weak hyper filter.

Corollary 3.13. Let F be a weak hyper filter of a R-hyper BE-algebra H. Then the
following are equivalent:

(1) F is a positive implicative weak hyper filter;
(2) (x ◦ y) ◦ x ⊆ F implies x ∈ F for all x, y ∈ H;
(3) z ∈ F and (x ◦ y) ◦ (z ◦ x) ⊆ F imply x ∈ F for all x, y ∈ H.

Proof. According to Theorem 3.12, (2) ⇒ (3) and (3) ⇒ (1) are showed.
(1) ⇒ (2) Assume (1) holds and (x ◦ y) ◦ x ⊆ F for any x, y ∈ H. Since H is a

R-hyper BE-algebra, it follows that 1 ◦ ((x ◦ y) ◦ x) = (x ◦ y) ◦ x ⊆ F . Considering
that 1 ∈ F and F is a positive implicative weak hyper filter, we can obtain x ∈ F ,
which shows (2).

4 Implicative weak hyper filters
In this section, we introduce implicative weak hyper filters in hyper BE-algebras,

and investigate the relationship between weak hyper filters and implicative weak hy-
per filters in hyper BE-algebras. Moreover we give a characterization of implicative
weak hyper filters.

Definition 4.1. A nonempty subset F of H is said to be an implicative weak hyper
filter of H if it satisfies:

(1) 1 ∈ F ;
(2) x ◦ (y ◦ z) ⊆ F and x ◦ y ⊆ F imply x ◦ z ⊆ F for all x, y, z ∈ H.
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Example 4.2. (1) Consider the hyper BE-algebra H from (1) of Example 3.2. It
is easy to verify that F = {1, a} is an implicative weak hyper filter of H;

(2) Consider the hyper BE-algebra H from (2) of Example 3.2. One can calculate
that F = {1, a, b, c} is not an implicative weak hyper filter of H since 1 ◦ (a ◦ d) =
1 ◦ b = {b} ⊆ F and 1 ◦ a = {a} ⊆ F but 1 ◦ d = {d} ⊈ F .

An implicative weak hyper filter of a hyper BE-algebra may not be a weak hyper
filter and see the following example.

Example 4.3. Suppose H = {a, b, 1} in which the operation ◦ is given below:

◦ 1 a b
1 {1} {a, b} {b}
a {1, b} {1} {1}
b {1, b} {1} {1}

Then (H, ◦, 1) is a hyper BE-algebras [18]. One can check that F = {1, a} is an
implicative weak hyper filter, but it is not a weak hyper filter since a ◦ b = {1} ⊆ F
and a ∈ F while b /∈ F .

In what follows, we give some conditions that an implicative weak hyper filter
of a hyper BE-algebra becomes a weak hyper filter.

Proposition 4.4. Suppose that F is a ◦-reflexive nonempty subset of H. If F is an
implicative weak hyper filter of H, then F is a weak hyper filter.

Proof. Let x, y ∈ H such that x ∈ F, x◦y ⊆ F . Since x ∈ 1◦x and x◦y ⊆ 1◦ (x◦y),
then 1 ◦ x ∩ F ̸= ∅ and 1 ◦ (x ◦ y) ∩ F ̸= ∅. Again since F is ◦-reflexive, we have
1 ◦ x ⊆ F and 1 ◦ (x ◦ y) ⊆ F . Considering that F is a positive implicative weak
hyper filter, it follows that y ∈ 1 ◦ y ⊆ F and thus y ∈ F . Therefore F is a weak
hyper filter.

Example 4.5. Consider the hyper BE-algebra from Example 3.5. One can calculate
that F = {1, a} is ◦-reflexive and furthermore F is both a weak hyper filter and an
implicative weak hyper filter.

Remark 4.6. (1) The condition of the ◦-reflexivity in Proposition 4.4 is not neces-
sary in general. Consider (1) of Example 4.2 one can check that F = {1, a} is both
a weak hyper filter and an implicative weak hyper filter, but it is not ◦-reflexive since
1 ◦ a ∩ F ̸= ∅ while 1 ◦ a = {a, b} ⊆ F .

(2) The converse of Proposition 4.4 may not be true. Consider H = {1, a, b, c, d, e}
and the operation ◦ is given by the table:
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◦ 1 a b c d e
1 {1, c} {a} {b} {c} {d} {e}
a {1, c} {1, c} {a} {1, c} {c} {d}
b {1, c} {1, c} {1, c} {1, c} {c} {c}
c {1, c} {a} {b} {1, c} {a} {b}
d {1, c} {1, c} {a} {1, c} {1, c} {a}
e {1, c} {1, c} {1, c} {1, c} {1, c} {1, c}

Then (H, ◦, 1) is a hyper BE-algebra [11] and F = {1, c} is a ◦-reflexive subset.
Routine calculation shows that F is a weak hyper filter, but it is not an implicative
weak hyper filter since d ◦ (a ◦ b) = d ◦ a = {1, c} ⊆ F and d ◦ a = {1, c} ⊆ F while
d ◦ b = {a} ⊈ F .

Proposition 4.7. Suppose that F is a nonempty subset of a R-hyper BE-algebra
H. If F is an implicative weak hyper filter, then F is a weak hyper filter.

Proof. Let x, y ∈ H such that x ∈ F, x ◦ y ⊆ F . Since H is a R-hyper BE-algebra,
then 1 ◦ x = {x} ⊆ F and 1 ◦ (x ◦ y) = x ◦ y ⊆ F . Considering that F is a positive
implicative weak hyper filter, it follows that {y} = 1 ◦ y ⊆ F and thus y ∈ F .
Therefore F is a weak hyper filter.

Example 4.8. Consider the R-hyper BE-algebra from Example 3.3, it can be checked
that F = {1, b} is both a weak hyper filter and an implicative weak hyper filter.

Note that the condition of the R-hyper BE-algebra in Proposition 4.7 is not nec-
essary in general and one can see Example 4.6. Moreover the converse of Proposition
4.7 may not be true and see the following example.

Example 4.9. Consider the R-hyper BE-algebra from Example 3.10. One can check
that F = {1} is a weak hyper filter, but it is not an implicative weak hyper filter since
a ◦ (a ◦ b) ⊆ F and a ◦ a ⊆ F while a ◦ b = {a} ⊈ F .

A weak hyper filter of a hyper BE-algebra may not be an implicative weak
hyper filter and one can see Remark 4.6 (2) and Example 4.9. In what follows, we
present some conditions that a weak hyper filter of a hyper BE-algebra becomes an
implicative weak hyper filter. First, we introduce the concept of distributive and
left-transitive hyper BE-algebras which will be used.

Definition 4.10. A hyper BE-algebra H is said to be
(1) distributive if x ◦ (y ◦ z) ≤ (x ◦ y) ◦ (x ◦ z) for all x, y, z ∈ H;
(2) left-transitive if y ◦ z ≤ (x ◦ y) ◦ (x ◦ z) for all x, y, z ∈ H.
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Example 4.11. (1) Consider H = {a, b, 1} in which the operation ◦ is given as
follows:

◦ 1 a b
1 {1} {a} {b}
a {1} {1, a, b} {b}
b {1} {a, b} {1, b}

Then (H, ◦, 1) is a hyper BE-algebra[18] and moreover we can check that H is dis-
tributive.

(2) Consider the hyper BE-algebra from Example 3.3 one can calculate that H
is left-transitive.

Theorem 4.12. Suppose that H is a distributive hyper BE-algebra and F is a ◦-
reflexive nonempty subset of H. If F is a weak hyper filter, then F is an implicative
weak hyper filter.

Proof. Let x ◦ (y ◦ z) ⊆ F and x ◦ y ⊆ F . Since H is distributive then x ◦ (y ◦ z) ≤
(x ◦ y) ◦ (x ◦ z). It follows from (3) of Proposition 2.8 that (x ◦ y) ◦ (x ◦ z) ∩ F ̸= ∅.
Since x ◦ y ⊆ F then there are a ∈ x ◦ y ⊆ F, b ∈ x ◦ z such that a ◦ b ∩ F ̸= ∅.
Considering that F is ◦-reflexive we have a ◦ b ⊆ F . Again since F is a weak hyper
filter, we get b ∈ F . Thus x ◦ z ∩ F ̸= ∅ and so x ◦ z ⊆ F . It shows that F is an
implicative weak hyper filter.

Example 4.13. Consider the hyper BE-algebra H from Example 3.8. It can be
checked that H is distributive and F = {1, a} is ◦-reflexive. Moreover F is both a
weak hyper filter and an implicative weak hyper filter.

Corollary 4.14. Suppose that H is a distributive hyper BE-algebra and F is a ◦-
reflexive nonempty subset of H. Then F is an implicative weak hyper filter if and
only if F is a weak hyper filter.

Proof. By Proposition 4.4 and Theorem 4.12.

In the following, we deliver the ways to determine implicative weak hyper filters.

Theorem 4.15. Suppose that H is a left-transitive hyper BE-algebra and F is a
◦-reflexive weak hyper filter of H. If z ◦ (y ◦ (y ◦ x)) ∩ F ̸= ∅ and z ∈ F imply
y ◦ x ∩ F ̸= ∅ for all x, y ∈ H, then F is an implicative weak hyper filter of H.

Proof. Let x ◦ (y ◦ z) ⊆ F and x ◦ y ⊆ F . Then x ◦ (y ◦ z) ∩ F ̸= ∅. Since H
is left-transitive then x ◦ (y ◦ z) = y ◦ (x ◦ z) ≤ (x ◦ y) ◦ (x ◦ (x ◦ z)). By (3) of
Proposition 2.8 (x ◦ y) ◦ (x ◦ (x ◦ z)) ∩ F ̸= ∅. By x ◦ y ⊆ F it yields that there

366



Some Types of Weak Hyper Filters in Hyper BE-algebras

is a ∈ x ◦ y ⊆ F such that a ◦ (x ◦ (x ◦ z)) ∩ F ̸= ∅. By the assumption, we can
obtain that x ◦ z ∩ F ̸= ∅. As F is ◦-reflexive we get x ◦ z ⊆ F . Therefore F is an
implicative weak hyper filter.

By the proof of Theorem 4.15, we have the following result immediately.

Corollary 4.16. Suppose that H is a left-transitive hyper BE-algebra and F is a
◦-reflexive weak hyper filter of H. If z ◦ (y ◦ (y ◦ x)) ∩ F ̸= ∅ and z ∈ F imply
y ◦ x ⊆ F for all x, y ∈ H, then F is an implicative weak hyper filter.

In what follows, we deliver a characterization of implicative weak hyper filters.

Theorem 4.17. Suppose that F is a subset containing 1 of a C-hyper BE-algebra
H. Then the following are equivalent:

(1) F is an implicative weak hyper filter;
(2) For every a ∈ H, Fa = {x ∈ H : a ◦ x ⊆ F} is a weak hyper filter.

Proof. (1) ⇒ (2) Firstly, since H is a C-hyper BE-algebra, then a ◦ 1 = {1} ⊆ F
and so 1 ∈ Fa. Assume that (1) holds. Let x ◦ y ⊆ Fa and x ∈ Fa for any x, y ∈ H.
Then a ◦ (x ◦ y) ⊆ F and a ◦ x ⊆ F . Since F is an implicative weak hyper filter, we
have a ◦ y ⊆ F , namely, y ∈ Fa. Therefore Fa is a weak hyper filter.

(2) ⇒ (1) By hypothesis, 1 ∈ F . Assume that (2) holds. Let x ◦ (y ◦ z) ⊆ F and
x ◦ y ⊆ F for any x, y, z ∈ H. Then y ◦ z ⊆ Fx and y ∈ Fx. Since Fx is a weak hyper
filter, we can obtain z ∈ Fx, namely, x ◦ z ⊆ F . Therefore F is an implicative weak
hyper filter.

5 Obstinate weak hyper filters
In this section, we introduce obstinate weak hyper filters in hyper BE-algebras,

and mainly discuss the relationships among obstinate weak hyper filters, positive
implicative weak hyper filters and maximal weak hyper filters in hyper BE-algebras.

Definition 5.1. A weak hyper filter F is said to be an obstinate weak hyper filter
of H if x, y /∈ F implies x ◦ y ⊆ F and y ◦ x ⊆ F for all x, y ∈ H.

Example 5.2. Consider Remark 3.9 (2) one can check that F = {1, a} is an ob-
stinate weak hyper filter and G = {1} is not an obstinate weak hyper filter since
a, b /∈ F but a ◦ b = {1, b} ⊈ F .

In general, not every positive implicative weak hyper filter of a hyper BE-algebra
is an obstinate weak hyper filter and vice versa.
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Example 5.3. (1) Consider Remark 3.6 (3) F = {1, a} is both a weak hyper filter
and a positive implicative weak hyper filter of H, but it is not an obstinate weak
hyper filter of H since b ◦ c = {c} ⊈ F whence b, c /∈ F .

(2) Consider H = {a, b, 1} and the operation ◦ is given as follows:

◦ 1 a b
1 {1} {a} {b}
a {1} {1, a} {1, b}
b {1} {b} {1}

Then one can check (H, ◦, 1) is a hyper BE-algebras and F = {1, a} is an obstinate
weak hyper filter of H, but it is not a positive implicative weak hyper filter of H since
a ∈ F and a ◦ ((b ◦ a) ◦ b) = {1} ⊆ F while b /∈ F .

The following theorem provides a condition that an obstinate weak hyper filter
becomes a positive implicative weak hyper filter.

Theorem 5.4. Suppose that F is a ◦-reflexive nonempty subset of H. If F is an
obstinate weak hyper filter of H, then F is a positive implicative weak hyper filter.

Proof. Let x, y ∈ H such that (x ◦ y) ◦ x ⊆ F . If x /∈ F , we discuss the following two
cases:

Case 1. If y ∈ F , it follows from y ≪ x◦y that x◦y ∩F ̸= ∅. As F is ◦-reflexive,
we have x ◦ y ⊆ F . Combing that (x ◦ y) ◦ x ⊆ F and F is a weak hyper filter, it
yields that x ∈ F , a contradiction.

Case 2. If y /∈ F , then x ◦ y ⊆ F as F is an obstinate weak hyper filter. Similar
to the proof of Case 1, we can deduce that x ∈ F , a contradiction.

Therefore x ∈ F and by Theorem 3.12 F is a positive implicative weak hyper
filter.

Example 5.5. In Example 3.5 F = {1, a, b} is a ◦-reflexive positive implicative
weak hyper filter of H. One can calculate that F is also an obstinate weak hyper
filter of H.

Remark 5.6. (1) The condition of the ◦-reflexivity from Theorem 5.4 is not neces-
sary in general.Consider Example 3.8, it is not difficult to verify that F = {1, b} is
both a positive implicative weak hyper filter and an obstinate weak hyper filter, but
it is not ◦-reflexive since b ◦ a ∩ F ̸= ∅ while b ◦ a = {1, a} ⊈ F .

(2) The converse of Theorem 5.4 may not be true. Consider Remark 3.6 (3)
it can calculate that F = {1, d} is a ◦-reflexive subset of H and moreover F is a
positive implicative weak hyper filter of H, but it is not an obstinate weak hyper filter
since a, b /∈ F while a ◦ b = {b} ⊈ F .
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In what follows, we introduce the concept of maximal weak hyper filters in hyper
BE-algebras in order to explore the relationship between obstinate weak hyper filters
and maximal weak hyper filters.

Definition 5.7. A proper weak hyper filter of H is said to be maximal if it is not a
proper subset of any proper weak hyper filter of H.

Consider Example 3.2 (1) it is easy to verify that F = {1, a} is a maximal weak
hyper filter of H. In what follows, we deliver a characterization of maximal weak
hyper filter of H.

Theorem 5.8. Suppose that F is a proper weak hyper filter of H. Then the following
are equivalent:

(1) F is a maximal weak hyper filter;
(2) H = (F ∪ {x}], where x /∈ F for any x ∈ H.

Proof. (1) ⇒ (2) Assume that F is a maximal weak hyper filter. Then F ⊆ (F ∪{x}]
and F ̸= (F ∪ {x}]. By use of x /∈ F and the maximality of F we can get that
H = (F ∪ {x}].

(2) ⇒ (1) Assume that G is a proper weak hyper filter of H such that F ⊆ G and
F ̸= G. Then there exists x ∈ G but x /∈ F . By (2) we can conclude H = (F ∪ {x}].
Since (F ∪ {x}] ⊆ G it yields that G = H. This shows that F is a maximal weak
hyper filter.

Theorem 5.9. Suppose that H is a distributive hyper BE-algebra and F is a ◦-
reflexive weak hyper filter of H. Then for any a ∈ H,

(1) Fa = {x ∈ H : a ◦ x ⊆ F} is a weak hyper filter of H;
(2) Fa = (F ∪ {a}], namely, Fa is a weak hyper filter of H which is generated by

F and a.

Proof. (1) Applying 1 ∈ a ◦ 1 we have a ◦ 1 ∩ F ̸= ∅ and hence a ◦ 1 ⊆ F . It results
in 1 ∈ Fa. Now let x ∈ Fa and x ◦ y ⊆ Fa for any x, y ∈ H. Then a ◦ (x ◦ y) ⊆ F
and a ◦ x ⊆ F . Again since H is distributive, we have a ◦ (x ◦ y) ≤ (a ◦ x) ◦ (a ◦ y).
Since F is a ◦-reflexive weak hyper filter, from (1) and (3) of Proposition 2.8 we can
obtain a ◦ y ⊆ F and thus y ∈ Fa. It shows that Fa is a weak hyper filter.

(2) Since 1 ∈ a ◦ a then a ◦ a ∩ F ̸= ∅ and so a ◦ a ⊆ F . Hence a ∈ Fa. Let x ∈ F .
Since x ≪ a ◦ x and F is a ◦-reflexive weak hyper filter, from (1) of Proposition 2.8
we have a ◦ x ∩ F ̸= ∅ and further a ◦ x ⊆ F . Thus x ∈ Fa and so F ⊆ Fa. Now
assume that G is a weak hyper filter of H containing F and a. Let x ∈ Fa. Then
a ◦ x ⊆ F and hence a ◦ x ⊆ G. Since a ∈ G it follows that x ∈ G and thus Fa ⊆ G.
Therefore Fa = (F ∪ {a}].
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Applying Theorem 5.9 we can deliver the following result.

Theorem 5.10. Suppose that H is a distributive hyper BE-algebra and F is a ◦-
reflexive nonempty subset of H. Then the following are equivalent:

(1) F is an obstinate weak hyper filter;
(2) F is a maximal weak hyper filter.

Proof. (1) ⇒ (2) Assume that (1) holds and G is a weak hyper filter such that
F ⊂ G. Then there are x ∈ G, x /∈ F such that (F ∪{x}] ⊆ G. Let y be an arbitrary
element of H. If y ∈ F then y ∈ (F ∪ {x}] ⊆ G. If y /∈ F then as x /∈ F and F is an
obstinate weak hyper filter, we have x ◦ y ⊆ F . By Theorem 5.9 y ∈ (F ∪ {x}] and
so H = (F ∪ {x}]. Further G = H and therefore F is a maximal weak hyper filter.

(2) ⇒ (1) Assume that F is a maximal weak hyper filter of H. Let x, y ∈ H such
that x, y /∈ F . Then H = (F ∪ {x}]. According to Theorem 5.9 H = (F ∪ {x}] = Fx

and hence y ∈ Fx. It follows that x ◦ y ⊆ F . Similarly we can get y ◦ x ⊆ F .
Therefore F is an obstinate weak hyper filter.

The following results charify the relationship among obstinate weak hyper filters,
maximal weak hyper filters, positive weak hyper filters and implicative weak hyper
filters in hyper BE-algebras.

Theorem 5.11. Suppose that H is a distributive hyper BE-algebra and F is a ◦-
reflexive hyper subalgebra of H. Then the following are equivalent:

(1) F is a maximal and positive implicative weak hyper filter;
(2) F is a maximal and implicative weak hyper filter;
(3) F is an obstinate weak hyper filter.

Proof. (1) ⇒ (2) Assume that F is positive implicative weak hyper filter. Then
by Proposition 3.4 F is a weak hyper filter. Let x ◦ (y ◦ z) ⊆ F and x ◦ y ⊆ F .
Since x ◦ (y ◦ z) ≤ (x ◦ y) ◦ (x ◦ z), it follows from (3) of Proposition 2.8 that
(x ◦ y) ◦ (x ◦ z) ∩ F ̸= ∅. Combing that x ◦ y ⊆ F , we have x ◦ z ∩ F ̸= ∅ and hence
x ◦ z ⊆ F . It implies that F is an implicative weak hyper filter.

(2) ⇒ (3) It can be seen by Theorem 5.10.
(3) ⇒ (1) Assume that F is an obstinate hyper filter of H. Then by Theorem

5.10 we know that F is a maximal weak hyper filter of H. Again using Theorem 5.4
we can get that F is a positive implicative weak hyper filter. Therefore (1) holds.

Assume that F is a positive implicative weak hyper filter of H. It follows from
Proposition 3.7 that F is a weak hyper filter. Based on this fact, similar to the proof
of Theorem 5.11 the following corollary can be acquired immediately.
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Corollary 5.12. Suppose that H is a distributive D-hyper (C-hyper) BE-algebra
and F is a ◦-reflexive nonempty subset of H. Then the following are equivalent:

(1) F is a maximal and positive implicative weak hyper filter;
(2) F is a maximal and implicative weak hyper filter;
(3) F is an obstinate weak hyper filter.

Under the conditions of Theorem 5.11 or Corollary 5.12, we give a diagram
to summary the relationships among different types of weak hyper filters in hyper
BE-algebras. For simplicity, we’ll abbreviate maximal weak hyper filters, obstinate
weak hyper filters, positive implicative weak hyper filters and implicative weak hyper
filters as MF, OF, PIF and IF, respectively.

MF

��

// PIF

��
OF

;;OO

// IF

OO

6 Conclusions
Hyper BE-algebras are a generalization of dual hyper BCK-algebras and dual

hyper K-algebras. Correspondingly, as a generalization of dual weak hyper ideals in
dual hyper BCK-algebras and dual hyper K-algebras, in this paper, we introduce and
investigate several types of weak hyper filters in hyper BE-algebras and giving some
equivalent characterizations of them especially. Meanwhile, we obtain the relevant
theorems that (positive) implicative weak hyper filters become weak hyper filters
and find the appropriate conditions of these theorems. Furthermore, we get some
important conclusions that state the relationships between maximal weak hyper
filters, positive implicative weak hyper filters and obstinate weak hyper filters. On
the basis of this study, we can consider fuzzy weak hyper filters and the relations
among them, and furthermore investigate the falling shadow theory in hyper BE-
algebras, for example, the relationship between falling fuzzy weak hyper filters and
falling fuzzy implicative weak hyper filters.
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